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Lecture 1 


Systems of algebraic equations 


The main objects of study in algebraic geometry are systems of algebraic equa- 
tions and their sets of solutions. Let k be a field and &/7},...,7;,] = k/T] be 
the algebra of polynomials in n variables over k. A system of algebraic equations 
over k is an expression 


{F = Ohres, 
where S is a subset of k|T]. We shall often identify it with the subset S. 
Let K bea field extension of k. A solution of S in K is a vector (11,...,2%n) € 


K” such that, for all F € S, 
F(£1,..., £n) = 0. 


Let Sol(S; K) denote the set of solutions of S in K. Letting K vary, we get 
different sets of solutions, each a subset of K”. For example, let 


ľ = {F(T}, To) m 0} 


be a system consisting of one equation in two variables. Then 

Sol(S; Q) is a subset of Q? and its study belongs to number theory. For 
example one of the most beautiful results of the theory is the Mordell Theorem 
(until very recently the Mordell Conjecture) which gives conditions for finiteness 
of the set Sol(S; Q). 

Sol(S; R) is a subset of R? studied in topology and analysis. It is a union of 
a finite set and an algebraic curve, or the whole R?, or empty. 

Sol(S; C) is a Riemann surface or its degeneration studied in complex analysis 
and topology. 
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All these sets are different incarnations of the same object, an affine algebraic 
variety over k studied in algebraic geometry. One can generalize the notion of 
a solution of a system of equations by allowing K to be any commutative k- 
algebra. Recall that this means that K is a commutative unitary ring equipped 
with a structure of vector space over k so that the multiplication law in K is a 
bilinear map K x K — K. The map k — K defined by sending a € k toa- 1 
is an isomorphism from k to a subfield of K isomorphic to k so we can and we 
will identify k with a subfield of K. 

The solution sets Sol(.S; K) are related to each other in the following way. 
Let ¢: K — L bea homomorphism of k-algebras, i.e a homomorphism of rings 
which is identical on k. We can extend it to the homomorphism of the direct 
products @®” : K” — L”. Then we obtain for any a = (a1,...,@n) € Sol(S; K), 


p" (a) := (G(a1),.--, O(an)) E Sol(S; L). 


This immediately follows from the definition of a homomorphism of k-algebras 
(check it!). Let 
sol(S; o) : Sol(S; K) — Sol(S; L) 


be the corresponding map of the solution sets. The following properties are 
immediate: 


(i) sol(S; idx) = idso(s;x), where id4 denotes the identity map of a set A; 


(ii) sol(.S; od) = sol(S; Y) o sol(S; ¢), where y : L — M is another homo- 
morphism of k-algebras. 


One can rephrase the previous properties by saying that the correspondences 
K = Sol(S; K),  — sol(S; ¢) 


define a functor from the category of k-algebras Alg to the category of sets 
Sets. 


Definition 1.1. Two systems of algebraic equations S,S’ C k|T] are called 
equivalent if Sol(.S; K) = Sol(S’, K) for any k-algebra K. An equivalence class 
is called an affine algebraic variety over k (or an affine algebraic k-variety). If X 
denotes an affine algebraic k-variety containing a system of algebraic equations 
S, then, for any k-algebra K, the set X(K) = Sol(.S; K) is well-defined. It is 
called the set of K-points of X. 


Example 1.1. 1. The system S = {0} C k[Ti,...,7;,] defines an affine alge- 
braic variety denoted by Az. It is called the affine n-space over k. We have, for 
any k-algebra K, 

Sol({0}; K) = K”. 


2. The system 1 = 0 defines the empty affine algebraic variety over k and is 
denoted by Ø. We have, for any K-algebra K, 


0.(K) = 0. 


We shall often use the following interpretation of a solution a = (a1, ... , an) € 
Sol(.S; K). Let eva : k|T] — K be the homomorphism defined by sending each 
variable T; to a;. Then 


a E€ Sol(.S; K) <= > ev,(S) = {0}. 


In particular, ev, factors through the factor ring k[T|/(S), where (S) stands for 
the ideal generated by the set S, and defines a homomorphism of k-algebras 


evga: k[T]/(S) > K. 


Conversely any homomorphism k[T|/(S) — K composed with the canonical 
surjection k|[T] — k[T|/(S) defines a homomorphism k|T] + K. The images 
a; of the variables T; define a solution (a1, ..., an) of S since for any F € S the 
image F(a) of F must be equal to zero. Thus we have a natural bijection 


Sol(S; K) + Hom, (k[T]/(S), K). 


It follows from the previous interpretations of solutions that S and (S) define 
the same affine algebraic variety. 

The next result gives a simple criterion when two different systems of algebraic 
equations define the same affine algebraic variety. 


Proposition 1.2. Two systems of algebraic equations SS’ C k|T] define the 
same affine algebraic variety if and only if the ideals (S) and (.S") coincide. 


Proof. The part ‘if’ is obvious. Indeed, if (S) = (S’), then for every F € S 
we can express F(T) as a linear combination of the polynomials G € S” with 
coefficients in k[T]. This shows that Sol(S’; K) C Sol(S; K). The opposite 
inclusion is proven similarly. To prove the part ‘only if’ we use the bijection 
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Sol(.S; K) <—+ Hom; (k[T]/(S), K). Take K = k[T]/(S) and a = (t1,..., tn) 
where t; is the residue of T; mod (S). For each F € S, 


F(a) = F(t,..-,tn) = F(Ti,..., Tn) mod (S) = 0. 
This shows that a € Sol(S; K). Since Sol(.S; K) = Sol(.S”; K), for any F € (S”) 


we have F(a) = F(T,...,T,) mod (S) = 0 in K, i.e., F € (S). This gives 
the inclusion (S’) C (S). The opposite inclusion is proven in the same way. 




















Example 1.3. Let n = 1,5 = {T = 0}, S’ = {TP = 0}. It follows immediately 
from the Proposition 1.2 that S and S” define different algebraic varieties X and 
Y. For every k-algebra K the set Sol(.S; K) consists of one element, the zero 
element 0 of K. The same is true for Sol(S’; K) if K does not contain elements 
a with a? = 0 (for example, K is a field, or more general, K does not have zero 
divisors). Thus the difference between X and Y becomes noticeable only if we 
admit solutions with values in rings with zero divisors. 


Corollary-Definition 1.4. Let X be an affine algebraic variety defined by a 
system of algebraic equations S C k/T\,...,7;,]. The ideal (S) depends only on 
X and is called the defining ideal of X. It is denoted by I(X). For any ideal 
I C k|T] we denote by V(I) the affine algebraic k-variety corresponding to the 
system of algebraic equations J (or, equivalently, any set of generators of T). 
Clearly, the defining ideal of V(I) is J. 


The next theorem is of fundamental importance. It shows that one can always 
restrict oneself to finite systems of algebraic equations. 


Theorem 1.5. (Hilbert’s Basis Theorem). Let I be an ideal in the polynomial 
ring k|T] = k|T\,...,T7;,]. Then I is generated by finitely many elements. 


Proof. The assertion is true if k[T’] is the polynomial ring in one variable. In fact, 
we know that in this case k[T] is a principal ideal ring, i.e., each ideal is generated 
by one element. Let us use induction on the number n of variables. Every 
polynomial F(T) € I can be written in the form F(T) = boT +... + br, where 
bi are polynomials in the first n— 1 variables and bọ # 0. We will say that r is the 
degree of F(T) with respect to Tn and bo is its highest coefficient with respect to 
Tha. Let J, be the subset &/7),...,7,_1]| formed by 0 and the highest coefficients 
with respect to T, of all polynomials from J of degree r in Tn. It is immediately 
checked that J, is an ideal in k[71,...,7;,-1]. By induction, J, is generated 
by finitely many elements a1,7,...,@m(r),r E A[Ti,..-,Tn—i]. Let F(T), i = 


1,...,m/(r), be the polynomials from I which have the highest coefficient equal 
to air. Next, we consider the union J of the ideals J,. By multiplying a 
polynomial F by a power of T, we see that J, C J,41. This immediately implies 
that the union J is an ideal in k[T),...,7,-1]. Let ai,...,a, be generators 
of this ideal (we use the induction again). We choose some polynomials F;(T) 
which have the highest coefficient with respect to T, equal to a;. Let d(i) be 
the degree of F;(T’) with respect to Ta. Put N = max{d(1),...,d(t)}. Let us 
show that the polynomials 


Fit Slee tO SDN. FG oS lente, 


generate J. 
Let F(T) € I be of degree r > N in T,,. We can write F(T) in the form 


F(T) = (qa, +... + ca) T +. = $0 alg ORT) + F(T), 


1<i<t 


where F(T) is of lower degree in Ta. Repeating this for F'(T), if needed, we 
obtain 
F(T) = R(T) mod (Fi(T),..., F(T)), 


where R(T) is of degree d strictly less than N in Ta. For such R(T) we can 
subtract from it a linear combination of the polynomials F; a and decrease its 
degree in T. Repeating this, we see that R(T) belongs to the ideal generated 
by the polynomials F,, where r < N. Thus F can be written as a linear 
combination of these polynomials and the polynomials F\,..., F}. This proves 
the assertion. 














Finally, we define a subvariety of an affine algebraic variety. 


Definition 1.2. An affine algebraic variety Y over k is said to be a subvariety 
of an affine algebraic variety X over k if Y(K) c X(K) for any k-algebra K. 
We express this by writing Y C X. 


Clearly, every affine algebraic variety over k is a subvariety of some n-dimensional 
affine space A? over k. The next result follows easily from the proof of Propo- 
sition 1.2: 


Proposition 1.6. An affine algebraic variety Y is a subvariety of an affine variety 
X if and only if I(X) CI(Y). 
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Exercises. 
1. For which fields k do the systems 


j=l 
define the same affine algebraic varieties? Here o;(7,,...,7;,) denotes the ele- 
mentary symmetric polynomial of degree i in 7),..., Th- 


2. Prove that the systems of algebraic equations over the field Q of rational 
numbers 


{T? +T, = 0,7, = 0} and {T2 T? +T? 47th = 0,17 +T? +h, = 0} 





define the same affine algebraic Q-varieties. 

3. Let X C AZ and X’ C AP be two affine algebraic k-varieties. Let us identify 
the Cartesian product K” x K™ with K"*™. Define an affine algebraic k-variety 
such that its set of K-solutions is equal to X(K) x X'(K) for any k-algebra K. 
We will denote it by X x Y and call it the Cartesian product of X and Y. 

4. Let X and X’ be two subvarieties of A”. Define an affine algebraic variety 
over k such that its set of K-solutions is equal to X(K) N X'(K) for any k- 
algebra K. It is called the intersection of X and X’ and is denoted by X N X’. 
Can you define in a similar way the union of two algebraic varieties? 

5. Suppose that S and S’ are two systems of linear equations over a field k. 
Show that (S) = (S’) if and only if Sol(S; k) = Sol( S”; k). 

6. A commutative ring A is called Noetherian if every ideal in A is finitely gener- 
ated. Generalize Hilbert’s Basis Theorem by proving that the ring A[7),...,7),] 
of polynomials with coefficients in a Noetherian ring A is Noetherian. 


Lecture 2 


Affine algebraic sets 


Let X be an affine algebraic variety over k. For different k-algebras K the sets of 
K-points X (K) could be quite different. For example it could be empty although 
X Æ Øk. However if we choose K to be algebraically closed, X (K) is always 
non-empty unless X = Øp. This follows from the celebrated Nullstellensatz of 
Hilbert that we will prove in this Lecture. 


Definition 2.1. Let K be an algebraically closed field containing the field k. A 
subset V of K” is said to be an affine algebraic k-set if there exists an affine 
algebraic variety X over k such that V = X (K). 


The field k is called the ground field or the field of definition of V. Since 
every polynomial with coefficients in k can be considered as a polynomial with 
coefficients in a field extension of k, we may consider an affine algebraic k-set as 
an affine algebraic K-set. This is often done when we do not want to specify to 
which field the coefficients of the equations belong. In this case we call V simply 
an affine algebraic set. 

First we will see when two different systems of equations define the same 
affine algebraic set. The answer is given in the next theorem. Before we state 
it, let us recall that for every ideal J in a ring A its radical rad(J) is defined by 


rad(I)= {a€ A:a" €I for some n > O}. 
It is easy to verify that rad(J) is an ideal in A. Obviously, it contains J. 


Theorem 2.1. (Hilbert’s Nullstellensatz). Let K be an algebraically closed field 
and S and S' be two systems of algebraic equations in the same number of 
variables over a subfield k. Then 


Sol(S; K) = Sol(S’; K) 4= rad(($)) = rad((S")): 
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Proof. Obviously, the set of zeroes of an ideal J and its radical rad(J) in K” 
are the same. Here we only use the fact that K has no zero divisors so that 
F"(a) = 0 => F(a) = 0. This proves 4. Let V be an algebraic set in K” 
given by a system of algebraic equations S. Let us show that the radical of the 
ideal (S) can be defined in terms of V only: 


rad((S)) = {F € k[T] : F(a) =0 Ya E€ V}. 


This will obviously prove our assertion. Let us denote the right-hand side by J. 
This is an ideal in k[Z’] that contains the ideal (S). We have to show that for any 
G € I, G" € (S) for some r > 0. Now observe that the system Z of algebraic 
equations 
{F (T) = O}res, c= TG) =0 

in variables T},..., Ip, Ip}1 defines the empty affine algebraic set in K+. 
In fact, if a = (a1,..., dng) E€ Sol(Z; K), then Pays Ga Oa) = 
F(ai,..., an) = 0 for all F € S. This implies (a1,...,@n) € V and hence 


G(ai,..., an, an1) = Glai, ..., an) = 0 


and (1 — Tn41G)(a1,.--, an, Qngi) = 1 — an+1G (a1, - . . , an, a@n+1) = 1 Æ 0. We 
will show that this implies that the ideal (Z) contains 1. Suppose this is true. 
Then, we may write 


1=S PrF + Q(1— TriiG) 


Fes 


for some polynomials Pr and Q in T),...,Tn41. Plugging in 1/G instead of 
Tn+1 and reducing to the common denominator, we obtain that a certain power 
of G belongs to the ideal generated by the polynomials F, F € S. 














So, we can concentrate on proving the following assertion: 


Lemma 2.2. /f I is a proper ideal in k|T|, then the set of its solutions in an 
algebraically closed field K is non-empty. 


We use the following simple assertion which easily follows from the Zorn 
Lemma: every ideal in a ring is contained in a maximal ideal unless it coincides 
with the whole ring. Let m be a maximal ideal containing our ideal J. We have 
a homomorphism of rings @ : k[T|/I — A =k[T|/m induced by the factor map 
k|[T] > k|T]/m . Since m is a maximal ideal, the ring A is a field containing 


k as a subfield. Note that A is finitely generated as a k-algebra (because k|T] 
is). Suppose we show that A is an algebraic extension of k. Then we will be 
able to extend the inclusion k C K to a homomorphism A —> K (since K is 
algebraically closed), the composition k|[T]/I + A — K will give us a solution 
of I in K”. 

Thus Lemma 2.2 and hence our theorem follows from the following: 


Lemma 2.3. Let A be a finitely generated algebra over a field k. Assume A is 
a field. Then A is an algebraic extension of k. 


Before proving this lemma, we have to remind one more definition from 
commutative algebra. Let A be a commutative ring without zero divisors (an 
integral domain) and B be another ring which contains A. An element x € B is 
said to be integral over A if it satisfies a monic equation: w”+a,x2" !+...+an = 
0 with coefficients a; € A. If A is a field this notion coincides with the notion 
of algebraicity of x over A. We will need the following property which will be 
proved later in Corollary 10.2. 

Fact: The subset of elements in B which are integral over A is a subring of 
B. 

We will prove Lemma 2.3 by induction on the minimal number r of generators 
ti... tp of A. If r =1, the map k[T\| > A defined by T; +> t; is surjective. It 
is not injective since otherwise A = k|T;] is not a field. Thus A = k[Z\]/(£) for 
some F'(T,) Æ 0, hence A is a finite extension of k of degree equal to the degree 
of F. Therefore A is an algebraic extension of k. Now let r > 1 and suppose 
the assertion is not true for A. Then, one of the generators t,,...,t, of A is 
transcendental over k. Let it be tı. Then A contains the field F = k(t,), the 
minimal field containing tı. It consists of all rational functions in t4, i.e. ratios of 
the form P(t,)/Q(t1) where P,Q € k[T;]. Clearly A is generated over F by r—1 
generators t2,...,t,. By induction, all ¢;,2 #1, are algebraic over F. We know 
that each t;, i Æ 1, satisfies an equation of the form ait? Ja. .. = 0, a; # 0, where 
the coefficients belong to the field F. Reducing to the common denominator, we 
may assume that the coefficients are polynomial in t4, i.e., belong to the smallest 
subring kļ|tı] of A containing tı. Multiplying each equation by gE we see 
that the elements a;t; are integral over k|t,|. At this point we can replace the 
generators t; by a;t; to assume that each t; is integral over k|tı]. Now using the 
Fact we obtain that every polynomial expression in to,...,t, with coefficients 
in k[t,] is integral over k[t,]. Since t),...,t, are generators of A over k, every 
element in A can be obtained as such polynomial expression. So every element 
from A is integral over k[ti]. This is true also for every x € k(t,). Since tı 
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is transcendental over k, k|xı] is isomorphic to the polynomial algebra k[T:]. 
Thus we obtain that every fraction P(T1)/Q(Tı), where we may assume that 
P and Q are coprime, satisfies a monic equation X” + AyX"+...+A, = 0 
with coefficients from k[7]. But this is obviously absurd. In fact if we plug in 
X = P/Q and clear the denominators we obtain 


P” + AQP! +... + AQ? =0, 


hence 
P= =Q(AiP? +- + A,Q *). 


This implies that Q divides P” and since k|T;] is a principal ideal domain, we 
obtain that Q divides P contradicting the assumption on P/Q. This proves 
Lemma 2 and also the Nullstellensatz. 


Corollary 2.4. Let X be an affine algebraic variety over a field k, K is an 
algebraically closed extension of k. Then X(K) = @ if and only if 1 € I(X). 


An ideal J in a ring A is called radical if rad(1) = I. Equivalently, I is radical 
if the factor ring A/I does not contain nilpotent elements (a nonzero element 
of a ring is nilpotent if some power of it is equal to zero). 


Corollary 2.5. Let K be an algebraically closed extension of k. The correspon- 
dences 
Vol(V):={F(T) ERT]: F(x) =0 Va € V}, 


I= V(I) := {x € K”: F(z) =0VF eI} 
define a bijective map 


{affine algebraic k-sets in K” } — {radical ideals in k|T]}. 


Corollary 2.6. Let k be an algebraically closed field. Any maximal ideal in 
k|Ti,..., Tha] is generated by the polynomials T; — c1,..., Tp — Cn for some 
Cias 3 Cn Coke 


Proof. Let m be a maximal ideal. By Nullstellensatz, V(m) 4 Ø. Take some 
point x = (ci,...,¢n) E V(m). Now m C I({a}) but since m is maximal we 
must have the equality. Obviously, the ideal (7; —c1,..., Ta — Cn) is maximal and 
is contained in J({x}) =m. This implies that (Ti — c1,...,Tn — Cn) = M. 
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Next we shall show that the set of algebraic k-subsets in A” can be used 
to define a unique topology in K” for which these sets are closed subsets. This 
follows from the following: 


Proposition 2.7. (i) The intersection NsesV, of any family {V;}ses of affine 
algebraic k-sets is an affine algebraic k-set in K”. 


(ii) The union UsesV, of any finite family of affine algebraic k-sets is an affine 
algebraic k-set in K”. 


(iii) @ and K” are affine algebraic k-sets. 


Proof. (i) Let I, = I(V;) be the ideal of polynomials vanishing on V,. Let 
I = $, I, be the sum of the ideals J,, i.e., the minimal ideal of k|T] containing 
the sets J,. Since J, C I, we have V(I) C V(I) = Vs. Thus V(I) C NsesVs. 
Since each f € J is equal to a finite sum $` fs, where fs € Is, we see that 
f vanishes at each x from the intersection. Thus x € V(I), and we have the 
opposite inclusion. 

(ii) Let J be the ideal generated by products [[, fs, where fs € Is. If 
x E U,V, then x € V, for some s € S. Hence all f € I, vanishes at x. 
But then all products vanishes at x, and therefore x € V(I). This shows that 
U,V, C V(I). Conversely, suppose that all products vanish at x but z ¢ V, for 
any s. Then, for any s € S there exists some f, € J, such that f(x) #0. But 
then the product [[, fs € I does not vanish at x. This contradiction proves the 
opposite inclusion. 

(iii) This is obvious, Ø is defined by the system {1 = 0}, K” is defined by the 
system {0 = 0}. 














Using the previous Proposition we can define the topology on K” by declaring 
that its closed subsets are affine algebraic k- subsets. The previous proposition 
verifies the axioms. This topology on K” is called the Zariski k-topology (or 
Zariski topology if k = K). The corresponding topological space K” is called 
the n-dimensional affine space over k and is denoted by AĻ(K). If k = K, we 
drop the subscript k and call it the n-dimensional affine space. 


Example 2.8. A proper subset in At(K) is closed if and only if it is finite. 
In fact, every ideal J in k[T] is principal, so that its set of solutions coincides 
with the set of solutions of one polynomial. The latter set is finite unless the 
polynomial is identical zero. 
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Remark 2.9. As the previous example easily shows the Zariski topology in K” is 
not Hausdorff (=separated), however it satisfies a weaker property of separability. 
This is the property 

(Tı): for any two points x Æ y in A” (k), there exists an open subset U such 
that x € U but y ¢ U (see Problem 4). 


Any point x € V = X(K) is defined by a homomorphism of k-algebras 
ev, : k[X]/I > K. Let p = Ker(ev,). Since K is a field, p is a prime ideal. It 
corresponds to a closed subset which is the closure of the set {x}. Thus, if x is 
closed in the Zariski topology, the ideal p must be a maximal ideal. By Lemma 
2.3, in this case the quotient ring (k[X|/J)/p, is an algebraic extension of k. 
Conversely, a finitely generated domain contained in an algebraic extension of k 
is a field (we shall prove it later in Lecture 10). Points x with the same ideal 
Ker(ev,) differ by a k-automorphism of K. Thus if we assume that K is an 
algebraically closed algebraic extension of k then all points of V are closed. 


Problems. 

1. Let A = k[T,, To]/(T? — T3). Find an element in the field of fractions of A 
which is integral over A but does not belong to A. 

2. Let V and V’ be two affine algebraic sets in K”. Prove that I(V UV’) = 
I(V) NI(V’). Give an example where [(V) NI(V’) A L(V) L(V’). 

3. Find the radical of the ideal in k|T,, Tə] generated by the polynomials T77> 
and T,T}. 

4. Show that the Zariski topology in A” (K), n Æ 0, is not Hausdorff but satisfies 
property (Tı). Is the same true for A}(K) when k 4 K? 

5. Find the ideal /(V) of the algebraic subset of K” defined by the equations 
T? = 0,T3 = 0,7, To(T; + To) = 0. Does T, + T, belong to I(V)? 

6. What is the closure of the subset {(21, 22) € C? | |z|? + |z2|? = 1} in the 
Zariski topology? 


Lecture 3 


Morphisms of affine algebraic 
varieties 


In Lecture 1 we defined two systems of algebraic equations to be equivalent if 
they have the same sets of solutions. This is very familiar from the theory of 
linear equations. However this notion is too strong to work with. We can succeed 
in solving one system of equation if we would be able to find a bijective map of 
its set of solutions to the set of solutions of another system of equations which 
can be solved explicitly. This idea is used for the following notion of a morphism 
between affine algebraic varieties. 


Definition 3.1. A morphism f : X — Y of affine algebraic varieties over a field 
k is a set of maps fx : X(K) + Y(K) where K runs over the set of k-algebras 
such that for every homomorphism of k-algebras ¢ : K — K’ the following 
diagram is commutative: 
X(¢) ' 
X (Kk) —+ X(K') (3.1) 
fr | 
¥(K) -&2 yk) 


We denote by Mor af/k(X, Y) the set of morphisms from X to Y. 

The previous definition is a special case of the notion of a morphism (or, a 
natural transformation) of functors. 

Let X be an affine algebraic variety. We know from Lecture 1 that for every 
k-algebra K there is a natural bijection 


X(K) > Hom,(k[T]/I(X), K). (3.2) 
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From now on we will denote the factor algebra k|[T]/I(X) by O(X) and will 
call it the coordinate algebra of X. We can view the elements of this algebra as 
functions on the set of points of X. In fact, given a K-point a € X(K) and an 
element y € O(X) we find a polynomial P € k|T] representing y and put 


Clearly this definition does not depend on the choice of the representative. An- 
other way to see this is to view the point a as a homomorphism ev, : O(X) > K. 
Then 

p(a) = eva(¢). 
Note that the range of the function y depends on the argument: if a is a K-point, 
then yla) € K. 

Let y : A — B be a homomorphism of k-algebras. For every k-algebra K 
we have a natural map of sets Hom;(B, K) — Hom;(A, K), which is obtained 
by composing a map B > K with w. Using the bijection (3.2) we see that any 
homomorphism of k-algebras 


Y: OY) > OX) 
defines a morphism f : X > Y by setting, for any a: O(X) > K, 
f(a) =aow. (3.3) 
Thus we have a natural map of sets 
€: Hom,(O(Y), O(X)) > Morag; X,Y). (3.4) 


Recall how this correspondence works. Take a K-point a = (a1,..., an) € 
X(K) in a k-algebra K. It defines a homomorphism 


ev, :O(X) =kIT;,...,Tr|/I(X) > K 


by assigning a; to 7;,2 = 1,...,n. Composing this homomorphism with a 
given homomorphism 4% : O(Y) = k|Ti,...,Tm]|/I(Y) > O(X), we get a 
homomorphism ev,0¢: O(Y) > K. Let b = (b1,...,bm) where b; = eva © 
(T), i = 1,...,m. This defines a K-point of Y. Varying K, we obtain a 
morphism X — Y which corresponds to the homomorphism yw. 


Proposition 3.1. The map £ from (3.4) is bijective. 
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Proof. Let f : X — Y bea morphism. It defines a homomorphism 
fox) : Hom,(O(X), O(X)) + Hom, (O(Y), O(X)). 


The image of the identity homomorphism idx) isa homomorphism 4% : O(Y) > 
O(X). Let us show that €(w) = f. Let a € X(K) = Hom, (O(X), K). By 
definition of a morphism of affine algebraic k-varieties we have the following 
commutative diagram: 


fr 





X(K) = Hom,(O(X), K) Y(K) = Hom,(O(Y), K) 


X(O(X)) = Hom,(O(X), O(X)) 22 ¥(O(X)) = Hom,(O(Y), O(X)) 


Take the identity map ido(x) in the left bottom set. It goes to the element a 
in the left top set. The bottom horizontal arrow sends ido(x) to y. The right 
vertical arrow sends it to œ o w. Now, because of the commutativity of the 
diagram, this must coincide with the image of œ under the top arrow, which is 
f(a). This proves the surjectivity. The injectivity is obvious. 














As soon as we know what is a morphism of affine algebraic k-varieties we 
know how to define an isomorphism. This will be an invertible morphism. We 
leave to the reader to define the composition of morphisms and the identity 
morphism to be able to say what is the inverse of a morphism. The following 
proposition is clear. 


Proposition 3.2. Two affine algebraic k-varieties X and Y are isomorphic if 
and only if their coordinate k-algebras O(X) and O(Y) are isomorphic. 


Let ¢: O(Y) + O(X) be a homomorphism of the coordinate algebras of 
two affine algebraic varieties given by a system S in unknowns 7},...,7;, and 
a system S” in unknowns 77,...,77,. Since O(Y) is a homomorphic image of 
the polynomial algebra k[T], is defined by assigning to each T’ an element 
pi E€ O(X). The latter is a coset of a polynomial P;(T) € k[T j. Thus @ is 
defined by a collection of m polynomials (P;(T),...,Pn(Z)) in unknowns T}. 
Since the homomorphism k[T] > O(X),T; > PAT ) + I(X) factors through 
the ideal (Y), we have 


PAD) 0.5 PP) ei X),y VEG TY) STV): (3.5) 
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Note that it suffices to check the previous condition only for generators of the 
ideal [(Y), for example for the polynomials defining the system of equations Y. 
In terms of the polynomials (P;(7),..., Pa(T)) satisfying (3.5), the morphism 
f : X — Y is given as follows: 


f(a) = (Pi(a),..., Pala) E Y(K), Vace X(K). 


It follows from the definitions that a morphism @ given by polynomials 
((P\(T),...,Pn(L)) satisfying (3.5) is an isomorphism if and only if there exist 
polynomials (Q,(7"),...,@Q,(Z")) such that 


G(Qi(T"),..-,Qn(T")) €1(Y), VG € I(X), 


P,(Qi(T"),...,Qn(T")) =T! mod I(Y),i =1,...,m, 


Q;(Pi(T),...,Pn(T)) =T; mod I(X),j =1,...,n. 


The main problem of (affine) algebraic geometry is to classify affine algebraic 
varieties up to isomorphism. Of course, this is a hopelessly difficult problem. 


Example 3.3. 1. Let Y be given by the equation T? — T} = 0, and X = Aj 
with O(X) = k[T|. A morphism f : X — Y is given by the pair of polynomials 
(T?,T?). For every k-algebra K, 


frla) = (a°,a?) €Y(K),a€ X(K) =K. 


The affine algebraic varieties X and Y are not isomorphic since their coor- 
dinate rings are not isomorphic. The quotient field of the algebra O(Y) = 
k{[T,, T2]/(T? — T) contains an element T,/T> which does not belong to the 
ring but whose square is an element of the ring (= T2). Here the bar denotes the 
corresponding coset. As we remarked earlier in Lecture 2, the ring of polynomials 
does not have such a property. 

2. The ‘circle’ X = {T? + T? — 1 = 0} is isomorphic to the ‘hyperbola’ 
Y = {7,T, — 1 = 0} provided that the field k contains a square root of —1 and 
char(k) # 2. 

3. Let k|[Ti,..., Tm] C A[Ti,...,Tn], m < n, be the natural inclusion of the 
polynomial algebras. It defines a morphism Aj — Az’. For any k-algebra K it 
defines the projection map K” + K”, (a1,...,@n) > (@1,..., am). 


Consider the special case of morphisms f : X — Y, where Y = A} (the affine 
line). Then f is defined by a homomorphism of the corresponding coordinate 
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algebras: O(Y) = k|Tı] > O(X). Every such homomorphism is determined by 
its value at T}, i.e. by an element of O(X). This gives us one more interpretation 
of the elements of the coordinate algebra O(X). This time they are morphisms 
from X to Aj and hence again can be thought as functions on X. 

Let f : X — Y bea morphism of affine algebraic varieties. We know that it 
arises from a homomorphism of k-algebras f* : O(Y) > O(X). 


Proposition 3.4. For any y € O(Y) = Morag (Y, Aj), 
Poel=vof. 


Proof. This follows immediately from the above definitions. 














This justifies the notation f* (the pull-back of a function). 

By now you must feel comfortable with identifying the set X (K) of K- 
solutions of an affine algebraic k-variety X with homomorphisms O(X) > 
K. The identification of this set with a subset of K” is achieved by choos- 
ing a set of generators of the k-algebra O(X). Forgetting about generators 
gives a coordinate-free definition of the set X (A). The correspondence K —> 
Hom(O(X), K) has the property of naturality, i.e. a homomorphism of k- 
algebras K — K’ defines a map Hom;,(O(X), K) > Hom;,(O(X), K’) such 
that a natural diagram, which we wrote earlier, is commutative. This leads to a 
generalization of the notion of an affine k-variety. 


Definition 3.2. An (abstract) affine algebraic k-variety is the correspondence 
which assigns to each k-algebra K a set X(K). This assignment must satisfy 
the following properties: 


(i) for each homomorphism of k-algebras ¢ : K — K’ there is a map X(¢@) : 
X(K) > X(K’); 
(ii) X(idx) = idx x); 
(ili) for any ¢, : K > K’ and $2: K' > K” we have X(¢2 0 $1) = X(¢2) 0 
X (1); 
(iv) there exists a finitely generated k-algebra A such that for each K there is 


a bijection X (i) + Hom,(A, K) and the maps X(@) correspond to the 
composition maps Hom;(A, K) + Hom;(A, K’). 
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We leave to the reader to define a morphism of abstract affine algebraic k- 
varieties and prove that they are defined by a homomorphism of the corresponding 
algebras defined by property (iii). A choice of n generators f1,..., fn of A defines 
a bijection from X (K) to a subset Sol(/; K) c K”, where J is the kernel of the 
homomorphism k[7),...,7;,| + A, defined by T; > fi. This bijection is natural 
in the sense of the commutativity of the natural diagrams. 


Example 3.5. 4. The correspondence K — Sol(.S; K) is an abstract affine 
algebraic k-variety. The corresponding algebra A is k[T]/(S). 

5. The correspondence K — K* ( = invertible elements in K) is an abstract 
affine algebraic k-variety. The corresponding algebra A is equal to k|T\, T>|/(71T>— 
1). The cosets of T, and T, define a set of generators such that the corresponding 
affine algebraic k-variety is a subvariety of A*. It is denoted by G,,, ;, and is called 
the multiplicative algebraic group over k. Note that the maps X(K) > X(K’) 
are homomorphisms of groups. 

6. More generally we may consider the correspondence K —> GL(n, K) (=invert- 
ible n x n matrices with entries in K). It is an abstract affine k-variety defined 
by the quotient algebra k[T\1,..., Tan, U|/(det((Zi;)U — 1). It is denoted by 
GL;(n) and is called the general linear group of degree n over k. 


Remark 3.6. We may make one step further and get rid of the assumption in 
(iv) that A is a finitely generated k-algebra. The corresponding generalization is 
called an affine k-scheme. Note that, if k is algebraically closed, the algebraic set 
X(k) defined by an affine algebraic k-variety X is in a natural bijection with the 
set of maximal ideals in O(X). This follows from Corollary 2.6 of the Hilbert’s 
Nullstellensatz. Thus the analog of the set X(k) for the affine scheme is the 
set Spm(A) of maximal ideals in A. For example take an affine scheme defined 
by the ring of integers Z. Each maximal ideal is a principal ideal generated by 
a prime number p. Thus the set X(k) becomes the set of prime numbers. A 
number m € Z becomes a function on the set X(k). It assigns to a prime 
number p the image of m in Z/(p) = F,, i.e., the residue of m modulo p. 














Now, we specialize the notion of a morphism of affine algebraic varieties to 
define the notion of a regular map of affine algebraic sets. 

Recall that an affine algebraic k-set is a subset V of K” of the form X(Ix), 
where X is an affine algebraic variety over k and K is an algebraically closed 
extension of k. We can always choose V to be equal V(/),where I is a radical 
ideal. This ideal is determined uniquely by V and is equal to the ideal /(V) 
of polynomials vanishing on V (with coefficients in k). Each morphism f : 
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X — Y of algebraic varieties defines a map fx : X(K) = V > Y(K) = 
W of the algebraic sets. So it is natural to take for the definition of regular 
maps of algebraic sets the maps arising in this way. We know that f is given 
by a homomorphism of k-algebras f* : O(Y) = k[T’|/I(W)) > O(X) = 
K[T|/I(V). Let P;(T,,...,T,),¢ = 1,...,m, be the representatives in k[T] of 
the images of T’ mod J(W) under f*. For any a = (a1,...,@n) € V viewed as 
a homomorphism O(X) > K its image fx(a) is a homomorphism O(Y) > K 
given by sending TY to P;(a),i = 1,...,m. Thus the map fx is given by the 
formula 
fela) CPi ist eG) et a Ci -,an)). 

Note that this map does not depend on the choice of the representatives P; of 
f* (Zi mod I(W)) since any polynomial from J(W) vanishes at a. All of this 
motivates the following 


Definition 3.3. A regular function on V is a map of sets f : V —> K such that 
there exists a polynomial F (T4, ..., Ta) € k[Ti,..., Ta] with the property 


F(ai,...,an) = F Gite xen) Va = as on E V. 


A regular map of affine algebraic sets f : V — W C K™ is a map of sets such 
that its composition with each projection map pr; : K” > K, (a1,..., an) © Gi, 
is a regular function. An invertible regular map such that its inverse is also a 
regular map is called a biregular map of algebraic sets. 














Remark 3.7. Let k = F, be a prime field. The map K — K defined by x — x? 
is regular and bijective (it is surjective because K is algebraically closed and it is 
injective because z?” = y? implies x = y). However, the inverse is obviously not 
regular. 

Sometimes, a regular map is called a polynomial map. It is easy to see that it 
is a continuous map of affine algebraic k-sets equipped with the induced Zariski 
topology. However, the converse is false (Problem 7). 

It follows from the definition that a regular function f : V —> K is given 
by a polynomial F(T) which is defined uniquely modulo the ideal [(V) (of 
polynomials vanishing identically on V). Thus the set of all regular functions 
on V is isomorphic to the factor-algebra O(V) = k[T|/I(V). It is called the 
algebra of regular functions on V, or the coordinate algebra of V. Clearly it is 
isomorphic to the coordinate algebra of the affine algebraic variety X defined by 
the ideal /(V). Any regular map f : V — W defines a homomorphism 


POW) > OV), pr pof, 
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and conversely any homomorphism a : O(W) — O(V) defines a unique regular 
map f : V — W such that f* = a. All of this follows from the discussion 
above. 


Problems. 

1. Let X be the subvariety of A? defined by the equation T? — T? — T? = 0 and 
let f : At —> X be the morphism defined by the formula T, > T? — 1, To > 
T(T? — 1). Show that f*(O(X)) is the subring of O(A;,) = k[T] which consists 
of polynomials g(T) such that g(1) = g(—1) (if char(k) # 2) and consists of 
polynomials g(T) with g(1)! = 0 if char(k) = 2. If char(k) = 2 show that X is 
isomorphic to the variety Y from Example 3.3 1. 

2. Prove that the variety defined by the equation 77> — 1 = 0 is not isomorphic 
to the affine line Aj. 

3. Let f : AZ?(K) — A?(K) be the regular map defined by the formula (x, y) => 
(x, xy). Find its image. Will it be closed, open, dense in the Zariski topology? 
4. Find all isomorphisms from Aj to Aj. 

5. Let X and Y be two affine algebraic varieties over a field k, and let X x Y 
be its Cartesian product (see Problem 4 in Lecture 1). Prove that O(X x Y) = 
O(X) 8x O(Y). 

6. Prove that the correspondence K — O(n, K) ( = n x n-matrices with entries 
in K satisfying MT = M~*) is an abstract affine algebraic k-variety. 

7. Give an example of a continuous map in the Zariski topology which is not a 
regular map. 


Lecture 4 


lrreducible algebraic sets and 
rational functions 


We know that two affine algebraic k-sets V and V’ are isomorphic if and only if 
their coordinate algebras O(V) and O(V") are isomorphic. Assume that both of 
these algebras are integral domains (i.e. do not contain zero divisors). Then their 
fields of fractions R(V) and R(V’) are defined. We obtain a weaker equivalence 
of varieties if we require that the fields R(V) and R(V") are isomorphic. In 
this lecture we will give a geometric interpretation of this equivalence relation by 
means of the notion of a rational function on an affine algebraic set. 

First let us explain the condition that O(V) is an integral domain. We recall 
that V C K” is a topological space with respect to the induced Zariski k- 
topology of K”. Its closed subsets are affine algebraic k-subsets of V. From 
now on we denote by V(I) the affine algebraic k-subset of K” defined by the 
ideal J C k[T]. If Z = (F) is the principal ideal generated by a polynomial F’, we 
write V((F)) = V(F). An algebraic subset of this form, where (F) ¥ (0), (1), 
is called a hypersurface. 


Definition 4.1. A topological space V is said to be reducible if it is a union of 
two proper non-empty closed subsets (equivalently, there are two open disjoint 
proper subsets of V). Otherwise V is said to be irreducible. By definition the 
empty set is irreducible. An affine algebraic k-set V is said to be reducible (resp. 
irreducible) if the corresponding topological space is reducible (resp. irreducible). 


Remark 4.1. Note that a Hausdorff topological space is always reducible unless it 
consists of at most one point. Thus the notion of irreducibility is relevant only for 
non-Hausdorff spaces. Also one should compare it with the notion of a connected 
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space. A topological spaces X is connected if it is not equal to the union of two 
disjoint proper closed (equivalently open) subsets. Thus an irreducible space is 
always connected but the converse is not true in general. 


For every affine algebraic set V we denote by J(V) the ideal of polynomials 
vanishing on V. Recall that, by Nullstellensatz, /(V(/)) = rad(JZ). 


Proposition 4.2. An affine algebraic set V is irreducible if and only if its coor- 
dinate algebra O(V) has no zero divisors. 


Proof. Suppose V is irreducible and a,b € O(V) are such that ab = 0. Let 
F,G € k|T] be their representatives in k[Z’]. Then ab = FG+I1(V) = 0 implies 
that the polynomial FG vanishes on V. In particular, V C V(F) UV(G) and 
hence V = Vı U Vz is the union of two closed subsets Vi = V N V(F) and 
V2 = VAV (G). By assumption, one of them, say Vj, is equal to V. This implies 
that V C V(F), i.e., F vanishes on V, hence F € I(V) and a = 0. This proves 
that O(V) does not have zero divisors. 

Conversely, suppose that O(V) does not have zero divisors. Let V = V, UV) 
where V; and V2 are closed subsets. Suppose Vi É V2 and V2 É V;. Then there 
exists F € I(V,) \ [(V2) and G € I(V2) \ 1(V,). Then FG € I(V, U V2) and 
(F+1(V))(G+I(V)) =0 in O(V). Since O(V) has no zero divisors, one of 
the cosets is zero, say F + I(V). This implies that F € [(V) contradicting its 
choice. 














Definition 4.2. A topological space V is called Noetherian if every strictly de- 
creasing sequence Z1 D Z2 D... D Zk D of closed subsets is finite. 








Proposition 4.3. An affine algebraic set is a Noetherian topological space. 





Proof. Every decreasing sequence of closed subsets Z1 D Z2 D... DZ; D... 
is defined by the increasing sequence of ideals /(V;) C I(V2) C .... By Hilbert’s 
Basis Theorem their union J = U;1(V;) is an ideal generated by finitely many 
elements F\,..., Fin. All of them lie in some I(Vn). Hence J = I(Vy) and 
I(V;) = I = I(Vn) for j > N. Returning to the closed subsets we deduce that 
Z; = Zn for j > N. 

















Theorem 4.4. 1. Let V be a Noetherian topological space. Then V is a union 
of finitely many irreducible closed subsets V, of V. Furthermore, if V; £ V; for 
any i # j, then the subsets V, are defined uniquely. 
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Proof. Let us prove the first part. If V is irreducible, then the assertion is obvious. 
Otherwise, V = Vi U Vz, where V; are proper closed subsets of V. If both of 
them are irreducible, the assertion is true. Otherwise, one of them, say Vj is 
reducible. Hence V; = Vj; U Vio as above. Continuing in this way, we either stop 
somewhere and get the assertion or obtain an infinite strictly decreasing sequence 
of closed subsets of V. The latter is impossible because V is Noetherian. To 
prove the second assertion, we assume that 


V=VU...UVọ% = WU... UW, 
where neither V; (resp. W;) is contained in another Vy (resp. W;). Obviously, 
Vi = (VA W)U... U (Vi N Wi). 


Since V is irreducible, one of the subsets Vi; N W; is equal to Vj, i.e., Vi C Wj. 
We may assume that j = 1. Similarly, we show that W; C V; for some i. Hence 
Vı C W, C Vi. This contradicts the assumption V; É V; for i # j unless 
V, = W. Now we replace V by VU... U Vp = W2 U... U W; and repeat the 
argument. 














An irreducible closed subset Z of a topological space X is called an irreducible 
component if it is not properly contained in any irreducible closed subset. Let V 
be a Noetherian topological space and V = U,V;, where V; are irreducible closed 
subsets of V with V; É V; for i # j, then each V; is an irreducible component. 
Otherwise V; is contained properly in some Z, and Z = U;(Z A V;) would imply 
that Z C V; for some ¿i hence V; C Vz. The same argument shows that every 
irreducible component of X coincides with one of the V;'s. 


Remark 4.5. Compare this proof with the proof of the theorem on factorization 
of integers into prime factors. Irreducible components play the role of prime 
factors. 


In view of Proposition 4.3, we can apply the previous terminology to affine 
algebraic sets V. Thus, we can speak about irreducible affine algebraic k-sets, 
irreducible components of V and a decomposition of V into its irreducible compo- 
nents. Notice that our topology depends very much on the field k. For example, 
an irreducible k-subset of K is the set of zeroes of an irreducible polynomial in 
k|T]. So a point a € K is closed only if a € k. We say that V is geometrically 
irreducible if it is irreducible considered as a K-algebraic set. 

Recall that a polynomial F(T) € k|T] is said to be irreducible if F(T) = 
G(T)P(T) implies that one of the factors is a constant (since k[T]* = k*, this 
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is equivalent to saying that F(T) is an irreducible or prime element of the ring 
Lemma 4.6. Every polynomial F € k|T,,...,T,] is a product of irreducible 
polynomials which are defined uniquely up to multiplication by a constant. 


Proof. This follows from the well-known fact that the ring of polynomials kT}, . . . 
is a UFD (a unique factorization domain). The proof can be found in any ad- 
vanced text-book of algebra. 














Proposition 4.7. Let F € k|T]. A subset Z C K” is an irreducible component 
of the affine algebraic set V = V(F) if and only if Z = V(G) where G is 
an irreducible factor of F. In particular, V is irreducible if and only if F is an 
irreducible polynomial. 


Proof. Let F = Fy"... F% be a decomposition of F into a product of irreducible 
polynomials. Then 
V(F)=V(Fi)U...UV(F,) 

and it suffices to show that V(F;) is irreducible for every i = 1,...,r. More 
generally, we will show that V (F) is irreducible if F is irreducible. By Proposition 
4.2, this follows from the fact that the ideal (F) is prime. If (F) is not prime, 
then there exist P, G € k|T] \ (F) such that PG € (F). The latter implies that 
F|PG. Since F is irreducible, F| P or F|G (this follows easily from Lemma 4.6). 
This contradiction proves the assertion. 














Let V C K” be an irreducible affine algebraic k-set and O(V) be its coordi- 
nate algebra. By Proposition 4.2, O(V) is a domain, therefore its quotient field 
Q(O(V)) is defined. We will denote it by R(V) and call it the field of rational 
functions on V. Its elements are called rational functions on V. 

Recall that for every integral domain A its quotient field Q(A) is a field 
uniquely determined (up to isomorphisms) by the following two conditions: 


(i) there is an injective homomorphism of rings i : A > Q(A); 


(ii) for every injective homomorphism of rings @ : A > K, where K is a field, 
there exists a unique homomorphism @ : Q(A) > K such that doi = @. 


The field Q(A) is constructed as the factor-set A x (A \ {0})/R , where R is 
the equivalence relation (a,b) ~ (a’, b’) <== ab’ = a'b. Its elements are denoted 
by ý and added and multiplied by the rules 


/ 


b bb' b b bb 





a a ab+ab ad aa 
Fi 
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The homomorphism i : A —> Q(A) is defined by sending a € A to $. Any 
homomorphism @ : A — K to a field K extends to a homomorphism @ : 
Q(A) — K by sending Ẹ to OE We will identify the ring A with the subring 
i(A) of Q(A). In particular, the field R(V) will be viewed as an extension 
k C O(V) c R(V). We will denote the field of fractions of the polynomial ring 
kK[T,,...,T,] by k(Ti,..., Th). It is called the field of rational functions in n 


variables. 


Definition 4.3. A dominant rational k-map from an irreducible affine algebraic 
k-set V to an irreducible affine algebraic k-set W is a homomorphism of k- 
algebras f : R(W) > R(V). A rational map from V to W is a dominant 
rational map to a closed irreducible subset of W. 


Let us interpret this notion geometrically. Restricting f to O(W) and com- 
posing with the factor map k|Ti,..., Th] > O(W), we obtain a homomor- 
phism k{7y,...,7",] > R(V). It is given by rational functions Ry,...,Rm € 
R(V), the images of the T;'s. Since every G € I(W) goes to zero, we have 
G(Ri,..., Rm) = 0. Now each R; can be written as 
P:(T,,.--,Tn) + 1(V) 

Qili,- Tah) + 1(V)’ 
where P; and Q; are elements of k[T,..., Ta] defined up to addition of elements 
from I(V). If a € V does not belong to the set Z = V(Q,)U...UV(Q,,), then 


a(a) = (Ri(a),..., Rmla)) E K” 


is uniquely defined. Since G(R,(a),...,Rm(a)) = 0 for any G € I(W), a(a) € 
W. Thus, we see that f defines a map a: V \ Z — W which is denoted by 


a: V——> W. 


R; = 





Notice the difference between the dotted and the solid arrow. A rational map is 
not a map in the usual sense because it is defined only on an open subset of V. 
Clearly a rational map is a generalization of a regular map of irreducible algebraic 
sets. Any homomorphism of k-algebras O(W) — O(V) extends uniquely to a 
homomorphism of their quotient fields. 

Let us see that the image of a is dense in W (this explains the word dom- 
inant). Assume it is not. Then there exists a polynomial F ¢ I(W) such that 
F(Ri(a),..., Rm(a)) = 0 for any a € V \ Z. Write 


Pitt 


FUP) = F(R.) Rm) = Bega 
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We have P(Ti,..., Tah) = 0 on V \ Z. Since V \ Z is dense in the Zariski 
topology, P = 0 on V, i.e. P € I(V). This shows that under the map R(W) —> 
R(V), F goes to 0. Since the homomorphism R(W) > R(V) is injective (any 
homomorphism of fields is injective) this is absurd. 

In particular, taking W = A}(K), we obtain the interpretation of elements 
of the field R(V) as non-constant rational functions V— — K defined on an 
open subset of V (the complement of the set of the zeroes of the denominator). 
From this point of view, the homomorphism R(W) — R(V) defining a rational 
map f : V—— W can be interpreted as the homomorphism f* defined by the 
composition @++ ġo f. 


Definition 4.4. A rational map f : V— — W is called birational if the cor- 
responding field homomorphism f* : R(W) — R(V) is an isomorphism. Two 
irreducible affine algebraic sets V and W are said to be birationally isomorphic 
if there exists a birational map from V to W. 


Clearly, the notion of birational isomorphism is an equivalence relation on the 
set of irreducible affine algebraic sets. If f : V—— W is a birational map, then 
there exists a birational map f : W— —> V such that the compositions f o f’ 
and f'o f are defined on an open subsets U and U’ of V and W, respectively, 
with f o f’ = idy, f'o f = idy. 

Remark 4.8. One defines naturally the category whose objects are irreducible 
algebraic k-sets with morphisms defined by rational maps. A birational map is 
an isomorphism in this category. 


Example 4.9. Let V = AL(K) and W = V (T? + T? — 1) C K?. We assume 
that char(k) Æ 2. A rational map f : V— — W is given by a homomorphism 
f*: R(W) > R(V). Restricting it to O(W) and composing it with k[T,, T2] > 
O(W), we obtain two rational functions R,(T) and R2(T) such that R(T)? + 
R(T)? = 1 (they are the images of the unknowns T, and T2). In other words, 
we want to find “a rational parameterization” of the circle, that is, we want 
to express the coordinates (t),t2) of a point lying on the circle as a rational 
function of one parameter. It is easy to do this by passing a line through this 
point and the fixed point on the circle, say (1,0). The slope of this line is the 
parameter associated to the point. Explicitly, we write 7, = T (T; — 1), plug into 
the equation T? + T? = 1 and find 


T?—1 —2T 


pe 
Bae) Ce ean 
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Thus, our rational map is given by 


T? —1 —2T 


Tog ee ieee Sees 
ie a e a 


Next note that the obtained map is birational. The inverse map is given by 


In particular, we see that 


The next theorem, although sounding as a deep result, is rather useless for 
concrete applications. 


Theorem 4.10. Assume k is of characteristic O. Then any irreducible affine 
algebraic k-set is birationally isomorphic to an irreducible hypersurface. 


Proof. Since R(V) is a finitely generated field over k, it can be obtained as an 
algebraic extension of a purely transcendental extension L = k(tı,..., tn) of k. 
Since char(k) = 0, R(V) is a separable extension of L, and the theorem on a 
primitive element applies (M. Artin, ” Algebra”, Chapter 14, Theorem 4.1): an 
algebraic extension K/L of characteristic zero is generated by one element x € 
K. Let k[T,,...,Tn4i] > R(V) be defined by sending T; to t; for i = 1,...,n, 
and T,,41 to x. Let I be the kernel, and ọ : A = k[Ti,..., Tny] / > R(V) 
be the corresponding injective homomorphism. Every P(7\,...,Tn+i1) E I ts 
mapped to P(t;,...,tn, £) = 0. Considering P(21,..., £n, Tn41) as an element 
of L|Ta+1] it must be divisible by the minimal polynomial of x. Hence J = 
(F(T,,.--;Tn,Tn41)), where F(ti,..., tn, In41) is a product of the minimal 
polynomial of x and some polynomial in t1,..., tn. Since A is isomorphic to 
a subring of a field it must be a domain. By definition of the quotient field @ 
can be extended to a homomorphism of fields Q(A) > R(V). Since R(V) is 
generated as a field by elements in the image, @ must be an isomorphism. Thus 
R(V) is isomorphic to Q(k[T),..., Tn41]/(F)) and we are done. 














Remark 4.11. The assumption char(k) = 0 can be replaced by the weaker as- 
sumption that k is a perfect field, for example, k is algebraically closed. In this 
case one can show that R(V) is a separable extension of some purely transcen- 
dental extension of k. 
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Definition 4.5. An irreducible affine algebraic k-set V is said to be k-rational 
if R(V) = k(T,..., Tn) for some n. V is called rational if, viewed as algebraic 
K-set, it is K-rational. 


Example 4.12. 2. Assume char(k) # 2. The previous example shows that the 
circle V(T? + T3 —1) is k-rational for any k. On the other hand, V (T? +T? +1) 
may not be k-rational, for example, when k = R. 
3. An affine algebraic set given by a system of linear equations is always rational 
(Prove it!). 

4. V(T? + T} — 1) is not rational. Unfortunately, we do not have yet sufficient 
tools to show this. 

5. Let V = V(T3+...+7°2 — 1) be a cubic hypersurface. It is known that V 
is not rational for n = 2 and open question for many years whether V is rational 
for n = 4. The negative answer to this problem was given by Herb Clemens and 
Phillip Griffiths in 1972. It is known that V is rational for n > 5 however it is 
not known whether V(F) is rational for any irreducible polynomial of degree 3 
in n > 5 variables. 














An irreducible algebraic set V is said to be k-unirational if its field of rational 
functions R(V) is isomorphic to a subfield of k(Ti,..., Ta) for some n. It 
was an old problem (the Lüroth Problem) whether, for k = C, there exist k- 
unirational sets which are not k-rational. The theory of algebraic curves easily 
implies that this is impossible if C(V) is transcendence degree 1 over C. A purely 
algebraic proof of this fact is not easy (see P. Cohn, “Algebra” ). The theory of 
algebraic surfaces developed in the end of the last century by Italian geometers 
implies that this is impossible if C(V) of transcendence degree 2 over C. No 
purely algebraic proofs of this fact is known. Only in 1972-73 a first example 
of a unirational non-rational set was constructed. In fact, there were given 
independently 3 counterexamples (by Clemens-Griffiths, by Artin- Mumford and 
Iskovskih-Manin). The example of Clemens-Griffiths is the cubic hypersurface 
V (Tf + T3 + TZ + TZ - 1). 

Finally we note that we can extend all the previous definitions to the case of 
affine algebraic varieties. For example, we say that an affine algebraic variety X 
is irreducible if its coordinate algebra O(X) is an integral domain. We leave to 
the reader to do all these generalizations. 


Problems. 


1. Let k bea field of characteristic 4 2. Find irreducible components of the affine 
algebraic k-set defined by the equations T? +T? +T? = 0, T? -T -T2 +1 = 0. 
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2. Same for the set defined by the equations T? — T,T3; = 0,77 — T3 = 0. 
Prove that all irreducible components of this set are birationally isomorphic to 
the affine line. 

3. Let f : X(K) — Y(K) be the map defined by the formula from Problem 1 
of Lecture 3. Show that f is a birational map. 

4. Let F(T),...,T,) =G(,...,Tn) + H(T,...,Tn), where G is a homoge- 
neous polynomial of degree d— 1 and H is a homogeneous polynomial of degree 
d. Assuming that F is irreducible, prove that the algebraic set V (F) is rational. 
5. Prove that the affine algebraic sets given by the systems T? + T3 — 1 = 0 and 
T? — T3/3 + 1/12 = 0 are birationally isomorphic. 
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Lecture 5 


Projective algebraic varieties 


Let A be a commutative ring and A”+! (n > 0) be the Cartesian product 
equipped with the natural structure of a free A-module of rank n+ 1. A free 
submodule M of A”*! of rank 1 is said to be a line in A”*!, if M = Ax for 
some © = (ao, ...,a@n) such that the ideal generated by ao,...,@, contains 1. 
We denote the set of lines in A”*! by P”(A)’. One can define P”(A)’ also as 
follows. Let 


C(A)n = {£ = anyon) eA (Gy et, = 1}. 


Then each line is generated by an element of C(A)n. Two elements z, y E€ C(A)n 
define the same line if and only if x = Ay for some invertible A € A. Thus 


P(A) = C(A)n/A*, 


is the set of orbits of the group A* of invertible elements of A acting on C(A)n 
by the formula À - (do,.--,@n) = (Ado, . . . , Aan). Of course, when A is a field, 


C(A)p= APP \ {0} PRAY = (A) {0})/ A". 


If M = Ax, where x = (ao,...,@n) E C(A)n, then (ao,...,@n) are called the 
homogeneous coordinates of the line. In view of the above they are determined 
uniquely up to an invertible scalar factor A € A%*. 






































Example 5.1. 1. Take A = R. Then P!(R)’ is the set of lines in R? passing 
through the origin. By taking the intersection of the line with the unit circle 
we establish a bijective correspondence between P!(R) and the set of points 
on the unit circle with the identification of the opposite points. Or choosing a 
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representative on the upper half circle we obtain a bijective map from P!(R)’ to 
the half circle with the two ends identified. This is bijective to a circle. Similarly 
we can identify P?(IR)’ with the set of points in the upper unit hemisphere such 
that the opposite points on the equator are identified. This is homeomorphic 
to the unit disk where the opposite points on the boundary are identified. The 
obtained topological space is called the rea/ projective plane and is denoted by 
RP?. 

2. Take A = C. Then P'(C)’ is the set of one-dimensional linear subspaces 
of C?. We can choose a unique basis of x € P!(C)’ of the form (1, z) unless 
x = (0,z),z E€ C\ {0}, and Cx = C(0, 1). In this way we obtain a bijective map 
from P(C} to c U {oo}, the extended complex plane. Using the stereographic 
projection, we can identify the latter set with a 2-dimensional sphere. The com- 
plex coordinates make it into a compact complex manifold of dimension 1, the 
Riemann sphere CP!. 





























Any homomorphism of rings ¢ : A —> B extends naturally to the map ¢ = 
per: Amt > Br If x = (ao,---,Gn) E C(A)n, then one can write 1 = 
aobo +... + anbn for some b; € A. Applying ¢, we obtain 1 = ġ(ao)ọ(bo) + 
... + b(Gn)b(bn). This shows that ọ(x) € C(B)n. This defines a map ¢ : 
C,,(A) + C;,(B). Also a = àb => ¢(a) = 6(A)(b). Hence ¢ induces the map 
of equivalence classes 

'P”(ġ) : P"(A)' > P"(BY. 


For our future needs we would like to enlarge the set P”(A)’ a little further 
to define the set P"(A). We will not be adding anything if A is a field. 

Let M = Ax C A™*!, x = (ao,..., an) E Cy(A), be a line in A”+t. Choose 
bo, -bn € A such that X`; ba; = 1. Then the homomorphism ¢: A"t! —> M 
defined by (ao,..-,Q@,) => (90, a;b;)@ is surjective, and its restriction to M 
is the identity. Since for any m € A”t! we have m — ¢(m) € Ker(@), and 
M N Ker(¢) = {0}, we see that 


At! = M © Ker(¢). 


So each line is a direct summand of A”+!. Not each direct summand of A”+! is 
necessarily free. So we can enlarge the set P”(A)’ by adding to it not necessarily 
free direct summands of A"*! which become free of rank 1 after “localizing” the 
ring. Let us explain the latter. 

Let S be a non-empty multiplicatively closed subset of A containing 1. One 
defines the localization Ms of an A-module M in the similar way as one defines 
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the field of fractions: it is the set of equivalence classes of pairs (m, s) € M x 
S with the equivalence relation: (m,s) = (m’,s’) <=> ds” € S such that 
s"(s'm—sm’) = 0. The equivalence class of a pair (m, s) is denoted by ™. The 
equivalence classes can be added by the natural rule 





m m  s'm+sm’ 


= 
s s! ss! 





(one verifies that this definition is independent of a choice of a representative). 
If M =A, one can also multiply the fractions by the rule 
a a aa’ 


s s3 ss 
Thus Ag becomes a ring such that the natural map A —> As,a > al, is a 


homomorphism of rings. The rule 


am am 
s sl gsi 
equips Ms with the structure of an Ag-module. Note that Ms = {0} if 0 € S. 


Observe also that there is a natural isomorphism of Ags-modules 


a am 
M 84 As > Ms,m & - Ere 
S S 
where As is equipped with the structure of an A-module by means of the canon- 


ical homomorphism A —> Ag. 


Example 5.2. 3. Take S to be the set of elements of A which are not zero- 
divisors. This is obviously a multiplicatively closed subset of A. The localized 
ring Ag is called the total ring of fractions. If A is a domain, S = A \ {0}, and 
we get the field of fractions. 

4. Let p be a prime ideal in A. By definition of a prime ideal, the set A \ p is 
multiplicatively closed. The localized ring A,4\, is denoted by Ay and is called the 
localization of A at a prime ideal p. For example, take A = Z and p = (p), where p 
is a prime number. The ring Zp) is isomorphic to the subring of Q which consists of 
fractions such that the denominator is not divisible by p. 


As we saw earlier any line L = Ax € P"(A)’ is a direct summand of the free 
module A”*?. In general not every direct summand of a free module is free. 


Definition 5.1. A projective module over A is a finitely generated module P 
over A satisfying one of the following equivalent properties: 
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(i) P is isomorphic to a direct summand of a free module; 


(ii) For every surjective homomorphism ¢ : M — P of A-modules there is a 
homomorphism s : P —> M such that ¢0 s = idp (a section). 


Let us prove the equivalence. 

(ii)=> (i) Let A” — P be the surjective homomorphism corresponding to a 
choice of generators of P. By property(i) there is a homomorphism s : P > A” 
such that go s = idp. Let N = Ker(@). Consider the homomorphism (i, s) : 
N ® P > A", where 2 is the identity map N — A”. It has the inverse given by 
m= (m — dm), 6(m)) 

(i)=> (ii) Assume PON = A”. Without loss of generality we may assume that 
P, N are submodules of A”. Let 6 : M — P bea surjective homomorphism of 
A-modules. We extend it to a surjective homomorphism (4, idy) : M@N > A”. 
If we prove property (ii) for free modules, we will be done since the restriction 
of the corresponding section to P is a section of @. So let 6: M — A” bea 
surjective homomorphism. Let mı,..., Mn be some pre-images of the elements 
of a basis (£1,...,&,) of A”. The homomorphism A” —> M defined by € +> m; 
is well-defined and is a section. 

We saw in the previous proof that a free finitely generated module is projec- 
tive. In general, the converse is not true. For example, let K/Q be a finite field 
extension, and A be the ring of integers of K, i.e. the subring of elements of K 
which satisfy a monic equation with coefficients in Z. Then any ideal in A is a 
projective module but not necessarily a principal ideal. 

An important class of rings A such that any projective module over A is free 
is the class of local rings. 

A commutative ring is called local if it has a unique maximal ideal. For 
example, any field is local. The ring of power series k|[7),...,7;,]] is local (the 
maximal ideal is the set of infinite formal series with zero constant term). 


Lemma 5.3. Let A be a local ring and m be its unique maximal ideal. Then 
A\m = A* (the set of invertible elements in A). 


Proof. Let x € A\m. Then the principal ideal (x) is contained in some proper 
maximal ideal unless (x) = A which is equivalent to x € A*. Since A has only 
one maximal ideal and it does not contain x, we see that (x) = A. 














Proposition 5.4. A projective module over a local ring is free. 
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Proof. Let Mat,,(A) be the ring of n x n matrices with coefficients in a commu- 
tative ring A. For any ideal J in A we have a natural surjective homomorphism 
of rings Mat,(A) — Mat,(A/I),X + X, which obtained by replacing each 
entry of a matrix X with its residue modulo J. Now let A be a local ring, J = m 
be its unique maximal ideal, and k = A/m (the residue field of A). Suppose 
X € Mat,,(A) is such that X is an invertible matrix in Mat,,(k). | claim that 
X is invertible in Mat„( A). In fact, let Y -X =I, for some Y € Mat,,(A). 
The matrix YX has diagonal elements congruent to 1 modulo m and all off- 
diagonal elements belonging to m. By Lemma 5.3, the diagonal elements of 
YX are invertible in A. It is easy to see, that using elementary row trans- 
formations which do not involve switching the rows we can reduce Y X to the 
identity matrix. This shows that there exists a matrix S € Mat,(A) such that 
S(Y X) = (SY)X = In. Similarly, using elementary column transformations, 
we show that X has the right inverse, and hence is invertible. 

Let M be a A-module and J C A an ideal. Let IM denote the submodule 
of M generated by all products am, where a € I. The quotient module M = 
M/IM is a A/I-module via the scalar multiplication (a + [)(m+IM) = am + 
IM. There is an isomorphism of A/J-modules M/IM = M ® M @,y (A/D), 
where A/I is considered as an A-algebra via the natural homomorphism A —> 
AJI. \t is easy to check the following property. 


(M @ N)/I(M & N) & (M/IM) @ (N/IN). (5.1) 


Now let M be a projective module over a local ring A. Replacing M by an 
isomorphic module we may assume that M @ N = A” for some submodule N 
of a free A-module A”. Let m be the maximal ideal of A. Let (7m1,...,ms5) 
be elements in M such that (m,+/,...,m,-+) is a basis of the vector space 
M/mM over k = A/m. Similarly, choose (n1,...,z) in N. By property (5.1) 
the residues of mj ,...,74,71,...,%5 form a basis of k”. Consider the map 
f: A" — M @N defined by sending the unit vector e; E€ A” to m; if i < t and 
to n; ifi >t+1. Let S be its matrix with respect to the unit bases (€,..., €n) 
in A”. Then the image of S in Mat, (k) is an invertible matrix. Therefore S' is 
an invertible matrix. Thus f is an isomorphism of A-modules. The restriction of 
f to the free submodule Ae; +...+ Ae; is an isomorphism A‘ = M. 














Corollary 5.5. Let P be a projective module over a commutative ring A. For 
any maximal ideal m in A the localization P» is a free module over Am. 


Proof. This follows from the following lemma which we leave to the reader to 
prove. 
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Lemma 5.6. Let P be a projective module over A. For any A-algebra B the 
tensor product P &4 B is a projective B-module. 


Definition 5.2. A projective module P over A has rank r if for each maximal 
ideal m the module Py is free of rank r. 


Remark 5.7. Note that, in general, a projective module has no rank. For example, 
let A = A, x A be the direct sum of rings. The module Af x A} (with scalar 
multiplication (a1, a2) - (m1, M2) = (41774, aom2)) is projective but has no rank 
if k An. If A is a domain, then the homomorphism A — Am defines an 
isomorphism of the fields of fractions Q(A) = Q(Am). This easily implies that 
the rank of P can be defined as the dimension of the vector space P ®4 Q(A). 


We state without proof the converse of the previous Corollary (see, for ex- 
ample, N. Bourbaki, “Commutative Algebra”, Chapter 2, §5). 


Proposition 5.8. Let M be a module over A such that for each maximal ideal 
m the module M,, is free. Then M is a projective module. 


Now we are ready to give the definition of P”(A). 


Definition 5.3. Let A be any commutative ring. The projective n-space over A 
is the set P”(A) of projective A-modules of rank 1 which are direct summands 
of A", 


We have seen that 
P"(A)’ C P"(A). 


The difference is the set of non-free projective modules of rank 1 which are direct 
summands of A”*?. 

A projective submodule of rank 1 of A”+! may not be a direct summand. For 
example, a proper principal ideal (x) C A is not a direct summand in A. A free 
submodule M = A(ag,...,@n) of A”+! of rank 1 is a direct summand if and 
only if the ideal generated by ao,..., dn is equal to A, i.e. M € P"(A)’. 

This follows from the following characterization of direct summands of A”*?. 
A submodule M of A™*! is a direct summand if and only if the corresponding 
homomorphism of the dual modules 


A”! = Hom,4(A"*', A) > M* = Homa(M, A) 


is surjective. Sometimes P”(A) is defined in “dual terms” as the set of projective 
modules of rank 1 together with a surjective homomorphism A"*! — M. When 
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A is a field this is a familiar duality between lines in a vector space V and 
hyperplanes in the dual vector space V*. 

A set {fi}icy of elements from A is called a covering set if it generates 
the unit ideal. Every covering set contains a finite covering subset. In fact if 
1 = $; a;fi for some a; € A, we choose those f; which occur in this sum with 
non-zero coefficient. For any f € A we set Ay = Ag, where S consists of powers 
of f. 


Lemma 5.9. Let M be a projective module of rank r over a ring A. There 
exists a finite covering set { fi }ic; of elements in A such that for any i € I the 
localization My, is a free A,,-module of rank r. 


Proof. We know that for any maximal ideal m in A the localization Mm is a 
free module of rank r. Let x1,...,2, be its generators. Multiplying them by 
invertible elements in Am, we may assume that the generators belong to A. Let 
@: A" — M be the homomorphism defined by these generators. We know that 
the corresponding homomorphism Øm : Al, —> Mm of localizations is bijective. 
| claim that there exists fm Z m such the homomorphism Qpa : AY, + My, is 
bijective. Let K = Ker(@) and C = Coker(¢). Then Ker(ġm) = Am = {0}. 
Since K is a finitely generated module and Km = 0, there exists g ¢ m such 
gk = {0} and hence K, = 0. Similarly, we find an element h ¢ m such 
that C, = {0}. Now if we take fm = gh, then Ky and Cy, = {0}, hence 
Pfa : Ai, > My, is bijective. Since the set of elements fm is not contained in 
any maximal ideal, it must generate the unit ideal, hence it is a covering set. It 
remains to select a finite covering subset of the set { fm} . 














Using Lemma 5.9 we may view every projective submodule M of A”*4 


of rank 1 as a ‘local line’ : we can find a finite covering set {f;};<-7 such 
that Mp, is a line in (Az,)”*". We call such a family a trivializing family for 
M. If {g;};e7 is another trivializing family for M we may consider the family 
{figi tajerxs. It is a covering family as one sees by multiplying the two relations 
LS afol = D b;g;. Note that for any f,g € A there is a natural homo- 
morphism of rings Aş —> Aşg,a/ f” — ag”/(fg)” inducing an isomorphism of 
Apg-modules M 84; Afg = Mpg. This shows that { fig; }ajerxs is a trivializing 
family. Moreover, if My, = 7; Ay,, ti € a and Mg, = yjAg;. Yj € a then 


T; = diy; for some Qij E Afg (5.2) 


where the prime indicates the image in A fg. 
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Now let us go back to algebraic equations. Fix a field k. For any k-algebra 
K we have the set P”(K). It can be viewed as a natural extension (in n + 1 
different ways) of the set A} (K) = K”. In fact, for every k-algebra K we have 
the injective maps 
a; : AR(K) = K” > P}(K), 


(a1, -..,an) > (a1, .. GR l, Qi+1;---; ân), = 0,... N. 
Assume that K is a field. Take, for example, i = 0. We see that 
P”(K) \ K” = {(a0,a1,...,an)A € P”(K) : ap = OF. 
It is naturally bijectively equivalent to P”~1(K). Thus we have 
P"(K) = Ag(K) [[ PE). 


By now, | am sure you understand what | mean when | say “naturally”. The 
bijections we establish for different K are compatible with respect to the maps 
P”(K) > P"(K’) and K” > K” corresponding to homomorphisms K > K’ 
of k-algebras. 


Example 5.10. The Riemann sphere 
P'(C) = CU {P(C)}. 


The real projective plane 





























P2(R) = R? U P! (R). 


We want to extend the notion of an affine algebraic variety by considering 
solutions of algebraic equations which are taken from P”(K). Assume first that 
L € P”(K) isa global line, i.e. a free submodule of A”*1. Let (ao,..., an) be its 
generator. For any F € k|To,. .., Tn] it makes sense to say that F (aọ,..., an) = 
0. However, it does not make sense, in general, to say that F'(L) = 0 because 
a different choice of a generator may give F (ao, ..., an) # 0. However, we can 
solve this problem by restricting ourselves only with polynomials satisfying 


F(àTo, .-., ATa) = AF (To, ..., Th), VAE K*. 


To have this property for all possible K, we require that F be a homogeneous 
polynomial. 
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Definition 5.4. A polynomial F'(Zo,...,Tn) € k[To, ..., Th] is called homoge- 
neous of degree d if 


F(To, +25 Tn) = È Gigz>0,.in20T? Ty” = Y aT 


with |i] = d for all i. Here we use the vector notation for polynomials: 
i= (io... , in) E NO, TP = TE eT, lil = iot... + in. 
By definition the constant polynomial 0 is homogeneous of any degree. 


Equivalently, F is homogeneous of degree d if the following identity in the 
ring k/To,..., Tn, t] holds: 


PT kt Ser Dyce) 


Let k|T]a denote the set of all homogeneous polynomials of degree d. This 
is a vector subspace over k in k[|T] and 


k[T] = ®asok[T]a- 


Indeed every polynomial can be written uniquely as a linear combination of mono- 
mials Tİ which are homogeneous of degree |i]. We write degF = d if F is of 
degree d. 

Let F be homogeneous polynomial in 7o,...,7Z;,. For any k-algebra K and 
ze KH 

F(x) =0 => F(år)=0_ for any AE K*. 

Thus if M = Kz C K”+ is a line in K”+t, we may say that F(M) = 0 if 
F(x) = 0, and this definition is independent of the choice of a generator of M. 
Now if M is a local line and My, = x;Kf, C ie for some trivializing family 
{fitier, we say that F(M) = 0 if F(z;) = 0 for all ¿ € J. This definition is 
independent of the choice of a trivializing family follows from (2) above and the 
following. 


Lemma 5.11. Let {fişier be a covering family in a ring A and let a € A. 
Assume that the image of a in each Af, is equal to 0. Then a = 0. 


Proof. By definition of As, we have a/1 = 0 in Ay, = > frai = 0 for some 
n > 0. Obviously, we choose n to be the same for all i € I. Since 1 = $c; aifi 
for some a; € A, after raising the both sides in sufficient high power, we obtain 
1 = Doc bif? for some b; € A. Thena=)0,.,bfPa = 0. 
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Now if S C k[Zo,...,Z;] consists of homogeneous polynomials and {F = 
O}mes is the corresponding system of algebraic equations (we call it a homoge- 
neous system), we can set for any k-algebra K 


PSol(S; K) = {M € P"(K): F(M) =0 for any F € S}, 





PSol(.S; KY = {M € P”(KY : F(M) =0 for any F € S}. 
Definition 5.5. A projective algebraic variety over a field k is a correspondence 
X : K — PSol(S; K) c P”(K) 


where S' is a homogeneous system of algebraic equations over k. We say that X 
is a subvariety of Y if X(K) is a subset of Y (K) for all K. 


Now we explain the process of a homogenization of an ideal in a polynomial 
ring which allows us to extend an affine algebraic variety to a projective one. 

Let F(Z1,..., Zn) € k[Z1,..., Zn] (this time we have to change the notation 
of variables). We write Z; = T;/To and plug it in F. After reducing to common 
denominator, we get 


Ti Diren Pe lye ly 1G lps satel | 


where G € k[To,..., Tn] is a homogeneous polynomial of degree d equal to the 
highest degree of monomials entering into F. 
The polynomial 


G Dias , Tn) = TEF (T, /To, . . . , Tn /To) 


is said to be the homogenization of F. For example, the polynomial TTo + T? + 
Tı TÊ + TẸ is equal to the homogenization of the polynomial Z2 + Z? + Za +1. 

Let J be an ideal in k[Z,,...,Z,]. We define the homogenization of I as 
the ideal [°°™ in k|To,..., Tn] generated by homogenizations of elements of J. 
It is easy to see that if J = (G) is principal, then 7"°™ = (F), where F is the 
homogenization of G. However, in general it is not true that ['°™ is generated 
by the homogenizations of generators of J (see Problem 6 below). 

Recalling the injective map ao : A? — P} defined in the beginning of this 
lecture, we see that it sends an affine algebraic subvariety X defined by an ideal 
I to the projective variety defined by the homogenization ['°, which is said to 
be the projective closure of X. 
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Example 5.12. Let X be given by a7 + 67; + cI) = 0, a projective subvariety 
of the projective plane P?. It is equal to the projective closure of the line L C A? 
given by the equation bZ, + cZ +a = 0. For every K the set X(K) has a 
unique point P not in the image of L(K). Its homogeneous coordinates are 
(0,c, —b). Thus, X has to be viewed as L U {P}. Of course, there are many 
ways to obtain a projective variety as a projective closure of an affine variety. To 
see this, it is sufficient to replace the map ao in the above constructions by the 
maps a;,7 Æ 0. 


Let {F (T) = 0}res be a homogeneous system. We denote by (S) the ideal 
in k{Z’] generated by the polynomials F € S. It is easy to see that this ideal has 
the following property 

(S) = Bazo((S) N k[T]a). 


In other words, each polynomial F € (S) can be written uniquely as a linear 
combination of homogeneous polynomials from (S). 


Definition 5.6. An ideal Z C k[T] is said to be homogeneous if one of the 
following conditions is satisfied: 


(i) I is generated by homogeneous polynomials; 
(ii) I = aso NAT] a). 


Let us show the equivalence of these two properties. If (i) holds, then every 
F € I can be written as $`; Q;F;, where F; is a set of homogeneous generators. 
Writing each Q; as a sum of homogeneous polynomials, we see that F is a linear 
combination of homogeneous polynomials from J. This proves (ii). Assume (ii) 
holds. Let G,,...,G, be a system of generators of J. Writing each G; as a 
sum of homogeneous polynomials G;; from J, we verify that the set {G;;} is a 
system of homogeneous generators of J. This shows (i). 

We know that in the affine case the ideal I(X) determines uniquely an affine 
algebraic variety X. This is not true anymore in the projective case. 


Proposition 5.13. Let {F(T) = 0}res be a homogeneous system of algebraic 
equations over a field k. Then the following properties are equivalent: 


(i) PSol(S; KY = 0 for some algebraically closed field K; 
(ii) (S) > k[T]>r := Digs, k|T]a for some r > 0; 
(iii) for all k-algebras K, PSol(S; K) = 0. 
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Proof. (i) == (ii) Let K be an algebraically closed field containing k. We can 
write 
F(To, ..., Tn) = TEF (1, ale /To, - -- , Ta /To), 


where d = degF. Substituting Z; = T;/To, we see that the polynomials 
Gr(Z,...,Zn) = FO, %,...,Zn) do not have common roots (otherwise, its 
common root (a@1,...,@n) will define an element (1, a1,...,@n) E€ PSol(S; KY’). 
Thus, by Nullstellensatz, ({Gr}res) = (1), i.e. 


1=S 0 QrGp(Z,..., Zn) 
FES 
for some Qr € k|Z1,..., Zn]. Substituting back Z; = T;/Tọ and reducing to 
common denominator, we find that there exists m(0) > 0 such that Pow € (S). 
Similarly, we show that for any i > 1, qr) E (S) for some m(i) > 0. Let 
m = max{m(0),...,m(n)}. Then every monomial in T; of degree greater or 
equal to r = m(n + 1) contains some T™® as a factor. Hence it belongs to the 
ideal (S). This proves that (S) > k[T];-. 

(ii) ==> (iii) If (S) > k|T]>, for some r > 0, then all T7 belong to (S). 
Thus for every M = K(ao,...,@n) E PSol(.S; KY we must have a; = 0. Since 
(ao, -.-, an) E Cn( K) we can find bg,..., bn E K such that 1 = boao+...+bndn- 
This easily implies that 


E= (boao a bnan) CtP = 0). 


This contradiction shows that PSol(S; A’)! = @ for any k-algebra K. From this 
we can deduce that PSol(.S; K) = @ for all K. In fact, every M € PSol(S; K) 
defines Ms € PSol(S; Ky)’ for some f € Ky. 

(iii) => (i) Obvious. 














Note that k[T]>, is an ideal in k[T] which is equal to the power m’_ where 
m, = k[T|>1 = (To, RERE Pel rae 


A homogeneous ideal J C k{T] containing some power of m, is said to be 
irrelevant. The previous proposition explains this definition. 

For every homogeneous ideal J in k[T] we define the projective algebraic 
variety PV (I) as a correspondence K — PSol(J, K). We define the saturation 
of I by 


= {F €k{T]: GF € I for all G € mÅ for some s > 0}. 
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Clearly [°** is a homogeneous ideal in k[T] containing the ideal J (Check it !) . 


Proposition 5.14. Two homogeneous systems S and 5S’ define the same pro- 
jective variety if and only if (S)5** = (,S")5*. 


Proof. Let us show first that for any k-algebra K, the ideals (S) and (S)*** have 
the same set of zeroes in P}(K). It suffices to show that they have the same set 
of zeroes in every P}(KY. Clearly every zero of (.5')°** is a zero of (S). Assume 
that a = (ao,...,@n) € P2(K)’ is a zero of (S) but not of (S)***. Then there 
exists a polynomial F € (S)*** which does not vanish at a. By definition, there 
exists s > 0 such that TİF € (S) for all monomials Tİ of degree at least s. This 
implies that Tİ(a)F (a) = 0. By definition of homogeneous coordinates, one can 
write 1 = aobo + . . . + bnan for some b;. Raising this equality into the s-th power, 
we obtain that T'(a) generate the unit ideal. Thus we can write 1 = > c Tt for 
some c; € A, all zeros except finite many. This implies F(a) = > TİF (a) = 0. 

Thus we may assume that (S) = (S), (S’) = (S°). Take (to,...,tn) € 
Sol(.S’, k[T]/(S’)), where t; = T; + (S"). For every F = F(Tp,...,Tn) E€ (S’), 
we consider the polynomial F” = F(1,21,...,2n) € k[Z21,...,Zn], where 
Zi = T;/To. Let (S")o be the ideal in k[Z] generated by all polynomials 
F’ where F e (S'). Then (1, 21,..-,2n) E€ Sol(S’;k[Z]/(S’)o) where z; = 
Zi mod (S')o. By assumption, (1, 21,..., Zn) € Sol(S; |Z] /(.S")o). This shows 
that G(1, 21,..., Zn) E€ (S’)o for each homogeneous generator of (S), i.e. 


GU Fixe hn = >, OF ean 


for some Q; € k|Z] and homogeneous generators F; of (S’). Plugging in Z; = 
T;/To and reducing to the common denominator, we obtain 


POT on Pe 


for some d(0). Similarly, we obtain that TŻ®G e (S’) for some d(i),i = 1,...,n. 
This easily implies that m4 G € (.S") for some large enough s (cf. the proof of 
Proposition 5.3) . Hence, Œ € (S’) and (S) C (S’). Similarly, we obtain the 
opposite inclusion. 














Definition 5.7. A homogeneous ideal 7 C k[T] is said to be saturated if I = [***. 


Corollary 5.15. The map I + PV (I) is a bijection between the set of saturated 
homogeneous ideals in k[T] and the set of projective algebraic subvarieties of P}. 
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In future we will always assume that a projective variety X is given by a 
system of equations S such that the ideal (S) is saturated. Then J = (S) is 
defined uniquely and is called the homogeneous ideal of X and is denoted by 
I(X). The corresponding factor-algebra k|T|/I(X) is denoted by k|X] and is 
called the projective coordinate algebra of X. 

The notion of a projective algebraic k-set is defined similarly to the notion 
of an affine algebraic k-set. We fix an algebraically closed extension K of k 
and consider subsets V C P”(K) of the form PSol(S; K), where X is a system 
of homogeneous equations in n-variables with coefficients in k. We define the 
Zariski k-topology in P”(K) by choosing closed sets to be projective algebraic 
k-sets. We leave the verification of the axioms to the reader. 


Problems. 

1*. Show that P"(k[7),...,7,]) = P’(A[Ti,...,T,])’, where k is a field. 

2. Let A = Z/(6). Show that A has two maximal ideals m with the corresponding 
localizations Ám isomorphic to Z/(2) and Z/(3). Show that a projective A- 
modules of rank 1 is isomorphic to A. 

3*. Let A = C[T), To|/(T? — To(To — 1)(T2 — 2)), tı and tz be the cosets of the 
unknowns T; and Tọ. Show that the ideal (t,,t2) is a projective A-module of 
rank 1 but not free. 

4. Let I C k[T] be a homogeneous ideal such that J > m$, for some s. Prove 
that /%** = k[T]. Deduce from this another proof of Proposition 5.13. 

5. Find pa where J = (TÈ, ToT) C k|To, Tı]. 

6. Find the projective closure in P} of an affine variety in A? given by the 
equations Z> — Z? = 0, Z; — Z} = 0. 

7. Let F € k[T,..., Tn] be a homogeneous polynomial free of multiple factors. 
Show that its set of solutions in P”(K), where K is an algebraically closed 
extension of k, is irreducible in the Zariski topology if and only F is an irreducible 
polynomial. 


Lecture 6 


Bezout theorem and a group law 
on a plane cubic curve 


We begin with an example. Consider two "concentric circles” : 
CPG ge a1, 0: Z eS 4. 


Obviously, they have no common points in the affine plane A?(/) no matter in 
which algebra K we consider our points. However, they do have common points 
"at infinity”. The precise meaning of this is the following. Let 


Ceili +i aT) =0,. oC 1 47, =417 =0 


be the projective closures of these conics in the projective plane P?, obtained by 
the homogenization of the corresponding polynomials. Assume that /—1 € K. 
Then the points (one point if K is of characteristic 2) (1,+,/—1,0) are the 
common points of C(K’) and C(K)’. In fact, the homogeneous ideal generated 
by the polynomials T? + T? — T and T? + T? — 4Tẹ defining the intersection 
is equal to the ideal generated by the polynomials T? + T? — Tg and T. The 
same points are the common points of the line L : Ty = 0 and the conic C, but 
in our case, it is natural to consider the same points with multiplicity 2 (because 
of Tj instead of Tp). Thus the two conics have in some sense 4 common points. 
Bézout’s theorem asserts that any two projective subvarieties of P? given by an 
irreducible homogeneous equation of degree m and n, respectively, have mn 
common points (counting with appropriate multiplicities) in P?(K) for every 
algebraically closed field K containing k. The proof of this theorem which we 
are giving here is based on the notion of the resultant (or the eliminant) of two 
polynomials. 
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Theorem 6.1. There exists a homogeneous polynomial 
Rei € Ll Ags +35 An, Bo, .--, Bm] 
of degree m + n satisfying the following property: 
The system of algebraic equations in one unknown over a field k : 
P(Z) = aZ” +... + Gn =0, Q(Z) = 197" +...+bm=0 


has a solution in a field extension K of k if and only if (ao,...,@n,b0,---, bm) 
is a k—-solution of the equation 


Rnm =U. 

Proof. Define Rm,n to be equal to the following determinant of order m+n: 

Ag ... An 0 ... 0 

0 0 Ao An 

Bo . Ba 0 

07 ... O Bo ... Bn 
where the first m rows are occupied with the string (Ao, ..., An) and zeroes, 
and the remaining n rows are occupied with the string (Bo,..., Bm) and zeroes. 


Assume a € K is a common solution of two polynomials P(Z) and Q(Z). Write 
P(Z) =(Z—a)P(Z), Q(Z) =(4—a)Qi(Z) 
where Pi(Z),Qi(Z) € K[Z] of degree n—1 and m—1, respectively. Multiplying 
P,(Z) by Qi(Z), and Q(Z) by Pi(Z), we obtain 
P(Z)Q1(Z) — Q(Z)P,(Z) = 0. (6.1) 


This shows that the coefficients of Qi(Z) and P, (Z) (altogether we have n +m 
of them) satisfy a system of n + m linear equations. The coefficient matrix of 
this system can be easily computed, and we find it to be equal to the transpose 
of the matrix 


ao An 0 
0 0 ao An 
—bo —bm 0 
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A solution can be found if and only if its determinant is equal to zero. 
Obviously, this determinant is equal (up to a sign) to the value of R,,, at 
(do,---;@n,09,---,bm). Conversely, assume that the above determinant van- 
ishes. Then we find a polynomial P,(Z) of degree < n — 1 and a polynomial 
Qı(Z) of degree < m—1 satisfying (1). Both of them have coefficients in k. Let 
a be a root of P(Z) in some extension K of k. Then a is a root of Q(Z)Pi(Z). 
This implies that Z — a divides Q(Z) or Pi(Z). If it divides Q(Z), we found 
a common root of P(Z) and Q(Z). If it divides P;(Z), we replace P,(Z) with 
P,(Z)/(Z — a) and repeat the argument. Since P,(Z) is of degree less than n, 
we finally find a common root of P(Z) and Q(Z). 














The polynomial R,,,, is called the resultant of order (n,m). For any two 
polynomials P(Z) = aoZ” +... + an and Q(Z) = boZ™ +... + bm the value of 
Rn,m at (ao, .. . , an, bo,- - -, bm) is called the resultant of P(Z) and Q(Z), and 
is denoted by Rn,m(P, Q). 

A projective algebraic subvariety X of P? given by an equation: F (Tọ, Ti, T2) = 
0, where F Æ 0 is a homogeneous polynomial of degree d will be called a plane 
projective curve of degree d. \f d = 1, we call it a line, if d = 2, we call it a plane 
conic, plane projective cubic, plane quartic, plane quintic, plane sextic and so on. 
We say that X is irreducible if its equation is given by an irreducible polynomial. 


Theorem 6.2. (Bézout). Let 
F(T, Ti, To) = 0, G(To, Ti, To) = 0 


be two different plane irreducible projective curves of degree n and m, respec- 
tively, over a field k. For any algebraically closed field K containing k, the system 
F =0,G = 0 has exactly mn solutions in P?(K) counted with appropriate mul- 
tiplicities. 


Proof. Since we are interested in solutions in an algebraically closed field K, we 
may replace k by its algebraic closure to assume that k is algebraically closed. In 
particular & is an infinite set. We shall deduce later from the theory of dimension 
of algebraic varieties that there are only finitely many K-solutions of F = G = 0. 
Thus we can always find a line Tọ + 67; + cT> = 0 with coefficients in k that 
has no K-solutions of F = G = 0. This is where we use the assumption that 
k is infinite. Also choose a different line aTọ + Tı + dT) = 0 with a Æ b such 
that for any A, u € K the line (A + pa)To + (Ab + w)T) + (Ac + u)T = 0 has 
at most one solution of F = G = 0 in K. The set of triples (a, 3, y) such that 
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the line aTo + GT, + 7T = 0 contains a given point (resp. two distinct points) 
is a two-dimensional (resp. one-dimensional) linear subspace of k?. Thus the set 
of lines aTo + BT, + yT = 0 containing at least two solutions of F = G = 0 
is a finite set. Thus we can always choose a line in k? containing (1,b,c) and 
some other vector (a, 1,d) such that it does not belong to this set. Making the 
invertible change of variables 


To = To + bT; + ch, Tı => aTo +T + dTo, To = To 


we may assume that for every solution (ao, a1, a2) of F = G = 0 we have ay # 0, 
and also that no line of the form aTo + 87; = 0 contains more than one solution 
of F = G = 0 in K. Write 


F = aoT> +... + an, G = Ugly +... + am, 


where a;, bi € k|To, Tili. Obviously, an, Om Æ 0, since otherwise Th is a factor of 
F or G. Let 
RlApiss Ap Bis BS) 


be the resultant of order (n,m). Plug a; in A;, and b; in B;, and let 
R = R(ao,... , an, bo,- -, bm) 


be the corresponding homogeneous polynomial in To, Ti. It is easy to see, using 
the definition of the determinant, that R is a homogeneous polynomial of degree 
mn. It is not zero, since otherwise, by the previous Lemma, for every (Bo, (1) 
the polynomials F'(39, 81, T2) and G(3o, 61, T2) have a common root in K. This 
shows that P?( K) contains infinitely many solutions of the equations F = G = 0, 
which is impossible as we have explained earlier. Thus we may assume that 
R #0. Dehomogenizing it, we obtain: 


R = TE” R'(Tı/To) 


where R’ is a polynomial of degree < nm in the unknown Z = T/T). Assume 
first that the degree of R’ is exactly mn. Let a1,... ,@nm be its nm roots in the 
algebraic closure k of k (some of them may be equal). Obviously, R(1,a) = 0, 
hence 

R(ao(1, @),...,a@n(1, a), bo(1, @),..-,Om(1, @)) = 0. 


By Theorem 6.1, the polynomials in 7) F'(1,a,7>) and G(1, a, T2) have a com- 


mon root 6 in k. It is also unique in view of our choice of the coordinate 
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system. Thus (1,a,() is a solution of the homogeneous system F = G = 0 in 
k. This shows that the system F = 0,G = 0 has nm solutions, the multiplicity 
of a root a of R’ = 0 has to be taken as the multiplicity of the correspond- 
ing common solution. Conversely, every solution (8o, 81, 52) of F = G = 0, 
where Bo Æ 0, defines a root a = (;/{9 of R = 0. To complete the proof, 
we have to consider the case where R’ is of degree d < nm. This happens 
only if R(To, T1) = Ty" “P(To, Ti), where P € k[To, Tija does not contain To 
as its irreducible factor. Obviously, R(0,1) = 0. Thus (0,1,q@) is a solution 
of F = G = 0 for some a € K. This contradicts our assumption from the 


beginning of the proof. 














Example 6.3. Fix an algebraically closed field A containing k. Assume that 
m = 1, i.e., 
G = aglo + aT) + Q Th =0 


is a line. Without loss of generality, we may assume that a2 = —1. Computing 
the resultant, we find that, in the notation of the previous proof, 


R(To, Tı) = ao(&oTo + aT)” +... 4+ An. 


Thus R is obtained by “eliminating” the unknown T. We see that the line 
L : G = 0 “intersects” the curve X : F = 0 at n K-points corresponding to 
n solutions of the equation R(To, Ti) = 0 in P!(K’). A solution is multiple, if 
the corresponding root of the dehomogenized equation is multiple. Thus we can 
speak about the multiplicity of a common K-point of L and F = 0 in P?(K). 
We say that a point x € X (Kx) is a nonsingular point if there exists at most one 
line L over K which intersects X at x with multiplicity > 1. A curve such that 
all its points are nonsingular is called nonsingular. We say that L is tangent to 
the curve X at a nonsingular point x € P?(K) if x € L(K) 0 X(K) and its 
multiplicity > 2. We say that a tangent line L is an inflection tangent line at x 
if the multiplicity > 3. If such a tangent line exists at a point x, we say that x 
is an inflection point (or a flex point) of X. 


Let P(Z1,..., Zn) € k|Z,...,Z,] be any polynomial in n variables with 


coefficients in a field k. We define the partial derivatives 22 of Z as follows. 
J 


First we assume that P is a monomial Z/!--- Zi and set 


(Sas J 
AZ; 


OP. [Zp T Ze fa, > 0, 
0 otherwise ` 
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Then we extend the definition to all polynomials by linearity over k requiring that 


A(aP +6Q) _ OP , AQ 
OZ. (0%. OG 





for all a,b E€ k and any monomials P,Q. It is easy to check that the partial 
derivatives enjoy the same properties as the partial derivatives of functions defined 


by using the limits. For example, the map P +> oP is a derivation of the k- 
I 
algebra k|Z1,...,Z,], i.e. , it is a k-linear map O satisfying the chain rule: 


HPQ) = PA(Q) + QOP). 


The partial derivatives of higher order are defined by composing the operators of 
partial derivatives. 


Proposition 6.4. (i) X : F(Z, Tı, T2) = 0 be a plane projective curve of de- 
gree d. A point (ao, a1, a2) € X (K) is nonsingular if and only if (ao, a1, a2) 
is not a solution of the system of homogeneous equations 


OF OF OF 











ii) If (ao, @,,@2) is a nonsingular point, then the tangent line at this point is 
8 8 
given by the equation 





(iii) Assume (char(k),d — 1) = 1. A nonsingular point a = (ao, a1, a2) is an 
inflection point if and only if 
OF OF OF 
oT? OToOT, OT0OT2 
OF OF OF = 
det | aram OT? OT,0T2 (a) =0. 
OF OF OF 
OT,0T9 TTi oT? 











Proof. We check these assertions only for the case (ao, @1,@2) = (1,0,0). The 
general case is reduced to this case by using the variable change. The usual 
formula for the variable change in partial derivatives are easily extended to our 
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algebraic partial derivatives. We leave the details of this reduction to the reader. 
Write F as a polynomial in Tọ with coefficients polynomials in 7}, 7). 


F(, Ti, Te) = TE Piai, Te) ATE Poti (Ti, To) +--+ P(t, Te), a<d. 


Here the subscript indices coincides with the degree of the corresponding homo- 
geneous polynomial if it is not zero and we assume that Py_, # 0. We assume 
that F'(1,0,0) = 0. This implies that q < d. A line through the point (1,0, 0) 
is defined by an equation Ta — AT, = 0 for some A € k. Eliminating T we get 


F(To, Ti, ATi) = TATE Pe i ee Pd) 


Sgi (T3Pa-o(l, tt Pa) ee, a). 


It is clear that each line intersects the curve X at the point (1,0,0) with multi- 
plicity > 1 if and only if d— q > 1. Thus (1,0,0) is nonsingular if and only if 
q =d-—1. In this case we find that 

OF OF OF 

— (1,0,0) = 0, — (1,0,0) = a, —— 

AT, 10) = 9 Bp 10,0) = a, ae 
so both a and b cannot be zeros. On the other hand, if q < d — 1, the same 
computation shows that the partial derivatives vanish at (1,0,0). This proves 
assertion (i). Assume that the point is nonsingular, i.e. d — q = 1. The unique 
tangent line satisfies the linear equation 


1,0,0) = b, 


P,(1,\) =a+bd = 0. (6.2) 


Obviously, the lines AT, — Tə = 0 and aT, + bTo = O coincide. This proves 
assertion (ii). 

Let P(T, Tə) = aT? + BT,T2 + yT?. Obviously, the point (1,0,0) is an 
inflection point if and only if P2(1, 4) = 0. Computing the second partial deriva- 
tives we find that 

OF OF OF 








OT; TOT, TOT a 0 (d—l)a (d—1)b 

OF OF OF 

det OT OT OT? OT OTS (1; 0, 0) = det (d = l)a 2a B 
FP oF eF (d—1)b p 2y 





oTi 0To OT20T\ oT? 
= 2(d — 1)? Pz(a,b). 


It follows from (6.2) that Pz(a,b) = 0 if and only if P2(1,A) = 0. Since we 
assume that (char(k),d — 1) = 1, we obtain that (1,0,0) is an inflection point 
if and only if the determinant from assertion (iii) is equal to zero. 
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Remark 6.5. The determinant 








OF O° F O?F 

oT? OT)OT, ôToôTə 

det OF 0? F O?F 
OT, 0T oT? OT, OT 

OF 0? F O?F 





OT10To OT20T, OTZ 


is a homogeneous polynomial of degree 3(d — 2) unless it is identically zero. It is 
called the Hessian polynomial of F and is denoted by Hess(F’). If Hess(F’) 4 0, 
the plane projective curve of degree 3(d— 2) given by the equation Hess(F’) = 0 
is called the Hessian curveindexHessian curve of the curve F = 0. Applying 
Proposition 6.4 and Bézout’s Theorem, we obtain that a plane curve of degree 
d has 3d(d — 2) inflection points counting with multiplicities. 

Here is an example of a polynomial F defining a nonsingular plane curve with 
Hess(F) = 0: 


F(To, Ti, To) = TEH + TPH + TRH = 0, 


where k is of characteristic p > 0. One can show that Hess(F) 4 0 if k is of 
characteristic 0. 


Let us give an application of the Bézout Theorem. Let 
X: F (To, Ti, To) =0 


be a projective plane cubic curve. Fix a field K containing k (not necessary 
algebraically closed). Let k be the algebraic closure of k containing K. We 
assume that each point of X (k) is nonsingular. Later when we shall study local 
properties of algebraic varieties, we give some simple criterions when does it 
happen. 

Fix a point e € X(K). Let x,y be two different points from X (kK). Define 
the sum 


reyeX(K) 


as a point in X(K) determined by the following construction. Find a line Ly 
over K with y,x € L(K). This can be done by solving two linear equations 
with three unknowns. By Bézout’s Theorem, there is a third intersection point, 
denote it by yx. Since this point can be found by solving a cubic equation over 
K with two roots in K (defined by the points x and y), the point yx € X(K). 
Now find another K-line Lə which contains yx and e, and let y @ x denote the 
third intersection point. If yx happens to be equal to e, take for Lə the tangent 
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Figure 6.1: 


line to X at e. If y = x, take for Lı the tangent line at y. We claim that this 
construction defines the group law on X (ix). 
Clearly 


YOL=ILOY, 


i.e., the binary law is commutative. The point e is the zero element of the law. If 
x E€ X(K), the opposite point —z is the point of intersection of X (/’) with the 
line passing through x and the third point x; at which the tangent at e intersects 
the curve. The only non-trivial statement is the property of associativity. 

Consider the eight points e,x,y,z,zy,xry,x ® y,y Pz. They lie on three 
cubic curves. The first one is the original cubic X. The second one is the union 
of three lines 


<ay>U<yz,yez2>U<z,78y> (6.3) 





where for any two distinct points a,b € P?(A’) we denote by < a,b > the unique 
K-line L with a,b € L(K). Also the “union” means that we are considering the 
variety given by the product of the linear polynomials defining each line. The 
third one is also the union of three lines 


<y,z>U<ayrGy>UK<rye@z>. (6.4) 
We will use the following: 


Lemma 6.6. Let xı,..., 2g be eight distinct points in P?(K). Suppose that all 
of them belong to X(K) where X is a plane irreducible projective cubic curve. 
Assume also that the points x1, 22,23 lie on two different lines which do not 
contain points x; with i > 3. There exists a unique point x9 such that any cubic 
curve Y containing all eight points contains also x9, and either xg ¢ {X1,...,Xg} 
or xg enters in X(K) Q Y(K) with multiplicity 2. 


54LECTURE 6. BEZOUT THEOREM AND A GROUP LAW ON A PLANE CUBIC CURVE 


Proof. Let Y be given by an equation F = aoT} + aiT@Ti +... = 0 the 
polynomial F. A point x = (ao, a1, a2) E X(K) if and only if the ten coefficients 
of F satisfy a linear equation whose coefficients are the values of the monomials 
of degree 3 at (ao, &1, @2). The condition that a cubic curve passes through 
8 points introduces 8 linear equations in 10 unknowns. The space of solutions 
of this system is of dimension > 2. Suppose that the dimension is exactly 2. 
Then the equation of any cubic containing the points 71,...,2g can be written 
in the form AF + wF>, where Fi and F> correspond to two linearly independent 
solutions of the system. Let xg be the ninth intersection point of F; = 0 
and F> = 0 (Bézout’s Theorem). Obviously, zg is a solution of F = 0. It 
remains to consider the case when the space of solutions of the system of linear 
equation has dimension > 2. Let L be the line with z1, 72 € L(K). Choose two 
points x,y E€ L(K) \ {#1, £2} which are not in X(K). Since passing through 
a point imposes one linear condition, we can find a cubic curve Y : G = 0 
with £, Y, £1,...,£8 E€ Y(K). But then L(K) A Y(K) contains four points. 
By Bézout’s Theorem this could happen only if G is the product of a linear 
polynomial defining L and a polynomial B of degree 2. By assumption L does 
not contain any other point £3,..., £g. Then the conic C : B = 0 must contain 
the points 73,...,2g. Repeating the argument for the points £1, %3, we find a 
conic C” : B’ = 0 which contains the points £2, %4,...,%g. Clearly C 4 C” 
since otherwise C contains 7 common points with an irreducible cubic. Since 
C(K) A C'(K) contains 5 points in common, by Bézout’s Theorem we obtain 
that B and B’ have a common linear factor. This easily implies that 4 points 
among z4, ..., £g must be on a line. But this line cannot intersect an irreducible 
cubic at four points in P?(K). 














Here is an example of the configuration of 8 points which do not satisfy 
the assumption of Lemma 6.6. Consider the cubic curve (over C) given by the 
equation: 

Ti + T? +T + ATO To = 0. 


It is possible to choose the parameter A such that the curve is irreducible. Let 
X%1,...,29 be the nine points on this curve with the coordinates: 


(0, Lp), (1, 0, p), (1, 1,2) 


where p is one of three cube roots of —1. Each point x; lies on four lines 
which contain two other points x; A x;. For example, (0,1,—1) lies on the 
line Ty = 0 which contains the points (0, 1, p), (0, 1, p°) and on the three lines 
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pTo—T\ —T2 = 0 which contains the points (1, 0, p), (1, p, 0). The set z1, ... , £8 
is the needed configuration. One easily checks that the nine points x1,..., £9 
are the inflection points of the cubic curve C (by Remark 6.5 we expect exactly 9 
inflection points). The configuration of the 12 lines as above is called the Hesse 
configuration of lines. 




















Tı “C5 

T6 EF 8 

T3 T5 

Tı T2 
Figure 6.2: 


Nevertheless one can prove that the assertion of Lemma 6.6 is true without 
additional assumption on the eight points. 

To apply Lemma 6.6 we take the eight points e, £, y, z,zy,ry,x Dy, y®z 
in X(K). Obviously, they satisfy the assumptions of the lemma. Observe that 
(x © y)z lies in X(K) and also in the cubic (6.3), and z(y © z) lies in X(K) 
and in the cubic (6.4). By the Lemma (x @ y)z = z(y © z) is the unique ninth 
point. This immediately implies that (x py) @z =x @(y @ 2). 


Remark 6.7. Our proof is in fact not quite complete since we assumed that all the 
points e, £, Y, Z, ZY, ry, xy, yz are distinct. We shall complete it later but the 
idea is simple. We will be able to consider the product X(K) x X(K) x X(K) 
as a projective algebraic set with the Zariski topology. The subset of triples 
(x,y,z) for which the associativity x ® (y @ z) = (x ® y) @ z holds is open 
(since all degenerations are described by algebraic equations). On the other 
hand it is also closed since the group law is defined by a polynomial map. Since 
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X(K) x X(K) x X(K) is an irreducible space, this open space must coincide 
with the whole space. 


Remark 6.8. Depending on K the structure of the group X(K) can be very 
different. A famous theorem of Mordell-Weil says that this group is finitely 
generated if K is a finite extension of Q. One of the most interesting problems 
in number theory is to compute the rank of this group. On the other hand, the 
group X(C) is isomorphic to the factor group C/Z*. Obviously, it is not finitely 
generated. 


Problems. 

1. Let P(Z) = apZ" + a,Z" | +...+ ay be a polynomial with coefficients 
in a field k, and P'(Z) = naoZ™t + (n — 1)a1 Z"? +... + an be its derivative. 
The resultant R,,-1(P, P’) of P and P’ is called the discriminant of P. Show 
that the discriminant is equal to zero if and only if P(Z) has a multiple root in 
the algebraic closure k of k. Compute the discriminant of quadratic and cubic 
polynomials. Using computer compute the discriminant of a quartic polynomial. 

2. Let P(Z) = ao(Z — a1)... (Z — an) and Q(x) = bo(Z — B1)...(Z — Bm) be 
the factorizations of the two polynomials into linear factors (over an algebraic closure 
of k). Show that 


Anal? Q) = a0 bo Hio: — B;) = ag Te ai) = “ng TT PB) 


i=l i=1 


3. Find explicit formulae for the group law on X(C), where X is a cubic curve 
defined by the equation T?To — T$ — T = 0. You may take for the zero element the 
point (0, 1,0). 

4. In the notation of the previous problem, show that elements x € X(C) of order 
3 (i.e. 32 = 0 in the group law) correspond to inflection points of X. Show that 
there are 9 of them. Show that the set of eight inflection points is an example of the 
configuration which does not satisfy the assumption of Lemma 6.6. 

5. Let X be given by the equation T?Tọ — T3 = 0. Similarly to the case of a 
nonsingular cubic, show that for any field K the set X(KY = X(Ic) \ {(1,0,0)} has 
a group structure isomorphic to the additive group K of the field K. 

6. Let X be given by the equation T?To — T2 (T> + To) = 0. Similarly to the case 
of a nonsingular cubic, show that for any field K the set X(KY = X(K) \ {(1,0,0)} 
has a group structure isomorphic to the multiplicative group K* of the field K. 





Lecture / 


Morphisms of projective algebraic 
varieties 


Following the definition of a morphism of affine algebraic varieties we can define a 
morphism f : X — Y of two projective algebraic varieties as a set of maps fx : 
X(K) — Y(K) defined for each k-algebra K such that, for any homomorphism 
o@: K > L of k-algebras, the natural diagram 


Ki) exh) (7.1) 


a pay ye 


is commutative. Recall that a morphism of affine varieties f : X — Y is uniquely 
determined by the homomorphism f* : O(Y) + O(X). This is not true anymore for 
projective algebraic varieties. Indeed, let ¢ : k[Y] — k[|X] be a homomorphism of the 
projective coordinate rings. Suppose it is given by the polynomials Fo,..., Fn. Then 
the restriction of the map to the set of global lines must be given by the formula 


a = (a0,.--;An) > (Fo(a),..., Fn(a)). 


Obviously, these polynomials must be homogeneous of the same degree. Otherwise, 
the value will depend on the choice of coordinates of the point a € X(K). This is 
not all. Suppose all F; vanish at a. Since (0,...,0) Z C(K)n, the image of a is not 
defined. So not any homomorphism k|Y] — k[X] defines a morphism of projective 
algebraic varieties. In this lecture we give an explicit description for morphisms of 
projective algebraic varieties. 

Let us first learn how to define a morphism f : X — Y C P from an affine 
k-variety X to a projective algebraic k-variety Y. To define f it is enough to define 
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f : X — P® and to check that f(X(K)) c Y(K) for each K. We know that 
X(K) = Homg—aig(O(X), K). Take K = O(X) and the identity homomorphism 
ido(x) E€ X(K). It is sent to an element M € PZ(O(X)). The projective O(X)- 
module M completely determines f. In fact, let x € X(K) and ev, : O(X) > K 
be the corresponding homomorphism of k-algebras. Using the commutative diagram 
(7.1) (where K = O(X), L = K,¢ = evz), we see that 


fx(z) = M 80x) K, (7.2) 


where K is considered as an O(X)-algebra by means of the homomorphism evz (i.e. 
a- z = evz(a)z for any a € O(X),z € K). Conversely, any M € P”(O(X) defines a 
map f : X — PẸ by using formula (7.2). If M is a global line defined by projective 
coordinates (ag,...,@n) E€ C(O(X))n, then 


fx(z) = M Q(x) K = (a(x), ...,an(x))K € P"(K), 


where as always we denote ev,(a) by a(x). Since O(X) = k[|Z1,..., Zn]/I for some 
ideal J, we can choose polynomial representatives of a;'s to obtain that our map is 
defined by a collection of n + 1 polynomials (not necessary homogeneous of course 
since X is affine). They do not simultaneously vanish at x since aọ,...,an generate 
the unit ideal. However, in general M is not necessary a free module, so we have to 
deal with maps defined by local but not global lines over O(X). This explains why we 
had to struggle with a general notion of P"(A). 

Let us describe more explicitly the maps corresponding to any local line M. Let 
us choose a covering family {a;};e7 which trivializes M, i.e. M; = Ma; is a global 
line defined by projective coordinates (pË Jat, E „pË Jat) € C(O(X)a;)n. Note that 
since a’ is invertible in O(X),, we can always assume that r = 0. If no confusion 
arises we denote the elements a/1,a € A in the localization Ay of a ring A by a. 
Since 1 = a bjp? Ja; for some bo, ...,bn € O(X)a;, we obtain, after clearing the 
denominators, that the ideal generated by p®, whe po is equal to (af) for some d > 0. 
So 


(p,...,p) € C(O(X)a,)n_ but, in general, (p®,...,p) g C(O(X))n. 


Assume aj(x) = eva(ai) # 0. Let x; be the image of x € X(K) in X(Ka,(2)) 
under the natural homomorphism K — Ka,(z). Let us consider Ka;(x) as an O(X)- 


Vr 


algebra by means of the composition of homomorphisms O(X) —> K > Ka,(2). 
Then 


Kaa (2) = Mox) Kaia) = (M@0(x)O(X )ai)®0(%) a, Kai) = Mi®o(x)a, Kai(a)» 
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where Ky,(z) is an O(X )a,-algebra by means of the homomorphism O(X )a, > Ka,(2) 
defined by 4 ++ On Since M; = (yp, he p\O(X)a, we obtain that 





PK) (21) = (9 (2), ---, PO (@)) Karta) € P"(Kai(e))- 


If K isa field, Kg,(~) = K (because a;(x) # 0) and we see that, for any x € X(K) 
such that a;(x) # 0 we have 


f(x) = (p(a),...,p(a)) € P"(K). (7.3) 


Thus we see that the morphism f : X — P? is given by not a “global” polynomial 
formula but by several “local” polynomial formulas (7.3). We take x € X(K), find 
i € I such that a;(x) Æ 0 (we can always do it since 1 = > 
bi € O(X)) and then define f(x) by formula (7.3). 

The collection 


icy bili for some 


(PË, pË Vier 
(i) (i) 


of elements (p)’,...,Pn) E€ O(X)"*" satisfies the following properties: 


(i) (p®?,..., pË) = (at) for some d; > 0; 
(ii) for any i,j € I,(py),..., ph’) = gig (DS ,---, PR) in (O(X)ajaj)"** for some 
invertible gij € O(X )aja;i 


(iii) for any F from the homogeneous ideal defining Y, F(p, TE pË) =0,iE l. 
Note that the same map can be given by any other collection: 


(af, a ahe 
defining the same local line M € P”(O(X)) in a trivializing covering family {bj} je. 
They agree in the following sense: 


p® = qP gij, k =0,...,n, 
where gij € O(X aib; 

For each i € I this collection defines a projective module M; € P”(O(X)a;) 
generated by (p,...,p). We shall prove in the next lemma that there exists 
a projective module M €e P"(O(X)) such that Ma; = Mi for each i € I. This 
module is defined uniquely up to isomorphism. Using M we can define f by sending 
idocx) E€ X(O(X)) to M. If x € X(K), where K is a field, the image fx (x) is 
defined by formulae (7.3). 
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Let us now state and prove the lemma. Recall first that for any ring A a local line 
M € P”(A) defines a collection {Ma,}ier of lines in A”** for some covering family 
{ai}ier of elements in A. Let us see how to reconstruct M from {Ma,}ier. We know 
that for any 7,7 € I the images m; of m € M in Mag, satisfy the following condition 
of compatibility: 

pig (mi) = pyi(my) 

where pij : Ma; > Maf; is the canonical homomorphism m/a; —> mf} /(aifj)’- 

For any family {M;}ier of Aa,-modules let 


limind;e;M; = {(mi)er € [[™% : pij (mi) = pji(m;) for any i,j € I}. 
icI 

This can be naturally considered as a submodule of the direct product [|,-<; Mi of 
A-modules. There is a canonical homomorphism 

a: M > limind;ez Ma; 
defined by m > (mi = m)ier. 
Lemma 7.1. The homomorphism 

a: M > limind;ez Ma; 
is an isomorphism. 


Proof. We assume that the set of indices J is finite. This is enough for our applications 
since we can always choose a finite covering subfamily. The proof of injectivity is similar 
to the proof of Lemma 5.11 and is left to the reader. Let us show the surjectivity. Let 


(oa: Vier € limindjer Ma, 
i 


for some m; € M and n; > 0. Again we may assume that all n; are equal to some n. 
Since for any 7,7 € I 
MN; Mj 
Pijl) = Piil), 
ar ay 


we have 


(aiaj) (am; — a’m;) = 0 


for some r > 0. Let p; = miay,k =r +n. Then 


Mi Pi k k 
E ee f Pi = a; Pi. 
ra; ae” A a 
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We can write 1 = J`; bia¥. Set m = J`, bipi. Then 


k k k 
ajm = X bia pi = S bia p; = 1p; = pj. 
i i 


This shows that the image of m in each Ma, coincides with pi/ak = m;/a% for each 
i € I. This proves the surjectivity. 














In our situation, M; is generated by (p®, TE pe) € C(O(Xa,) and property (ii) 
from above tells us that (Mj)a; = (Mj)a;. Thus we can apply the lemma to define 
M. 

Let f : X — Y bea morphism of projective algebraic varieties, X C Pp, Y C PY. 
For every k-algebra K and M € X(K) we have N = fx(M) € Y(K). It follows 
from commutativity of diagrams (7.1) that for any a € K, f(Ka)(Ma) = Na. Let 
{aj}ier be a covering family of elements in K. Then, applying the previous lemma, 
we will be able to recover N from the family { Na, pier. Taking a covering family which 
trivializes M, we see that our morphism f : X — Y is determined by its restriction 
to X’ : K + P”(KY n X(K), i.e., it suffices to describe it only on ” global” lines 
M € X(K). Also observe that we can always choose a trivializing family {a;}ice7 of 
any local line M € X(K) in such a way that Mg, is given by projective coordinates 


®, i @) with at least one A invertible in Aa;. For example we can take the 


covering family, where each a; is replaced by {at®,..., at} (check that it is a 
(i) 


covering family) then each t; 


is invertible in K 4: Note that this is true even when 
itj 


i = 0 because Ko = {0} and in the ring {0} one has 0 = 1. Thus it is enough 
to define the maps X (K) > Y (K) on the subsets X(K)” of global K-lines with at 
least one invertible projective coordinate. 

Let X be defined by a homogeneous ideal J C k[To,..., Tm]. We denote by I, the 
ideal in the ring k[To/T,r, ..-,Tm/Tr] obtained by dehomogenizations of polynomials 
from I. Let X, C Aj’ be the corresponding affine algebraic k-variety. We have 
O(X,) S k|To/Tr,...,Tm/Tr]/Ir. We have a natural map ip : X, (K) > X(K)” 
obtained by the restriction of the natural inclusion map i, : K™ —> P”(K})" (putting 
1 at the rth spot). It is clear that each x € X(K)” belongs to the image of some 
ip. Now to define the morphism X — Y it suffices to define the morphisms f, : 
Xr > Y,r =0,...,m. This we know how to ia Each fy is given by a collection 
S 


{(p, see PO ees): where each coordinate p} 


and as € rad({p\, ..., pP} for some as € O(X),. We can find a representative 


of p in k|To/Tr,...,Tm/Tr] of the form Poa where p is a homogeneous 


polynomials of the same degree d;. Reducing to the common denominator, we can 
assume that dj = d(s) is independent of j = 0,...,n. Also by choosing appropriate 


is an element of the ring O(X)r), 
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representative F/T! for as, we obtain that T2 Ff € (P, sass , Pe) +I. Collecting 
all these data for each r = 0,...,™m, we get that our morphism is given by a collection 
of 

(P... PO) € k[To,..., Tmlae, s € S$ = (0) J... [] Sm) 


The map is given as follows. Take x = (£0,...,£&m) E€ X(K)”. If x, is invertible in 
K, send z to a local line from Y (K) defined by the global lines 


(PM (x),..., P®(x)) € ¥ (Kr), 8 € S(r) 


Since we can write for any s € S(r), 7, TEO ppo) =>); Lj p 3 + I, plugging x in both 


sides, and using that T,(x)®®) = 22” is invertible, we obtain 
x) O = a8 


This shows that (P(2),..., PP (£) € Ca(Kp,(@)) is satisfied. Note that this 
definition is independent from the choice of projective coordinates of x. In fact, if we 
multiply x by A € K*, we get PO (Ax) = A09 P (8) (oy ). Also F(a) will change to 
\4F;(x) for some d > 0, which gives the same localization Kp, (x). 

Of course this representation is not defined uniquely in many ways. Also it must 
be some compatibility condition, the result of our map is independent from which r we 
take with the condition that x, € K*. As is easy to see this is achieved by requiring: 

POD SPIE ey 
for any s € S(r),s’ € S(r’) and any k,j = 0,...,n. Since F(p,...,p®) = 0 for 
any F from the homogeneous ideal J defining Y, we must have 


F(P), ...,P&)) EL foranyse s. 


The following proposition gives some conditions when a morphism X — Y can be 
given by one collection of homogeneous polynomials: 


Proposition 7.2. Let X C Pẹ and Y C Pi be two projective algebraic varieties 
defined by homogeneous ideals I C k[To,..., Tm] and J C k[T§,..., Th], respectively. 
Let 6 : k{T’]/J > k[T\/I be a homomorphism given by polynomials Fo,...,Fn € 
k[Io,.--, Tm] (whose cosets modulo I are the images of T} modulo I). Assume 


(i) all F; € k|To,...,Tm]a for some d > 0; 


(ii) the ideal in k|To,...,Tm] generated by the ideal I and F;’s is irrelevant (i.e., 
contains the ideal k[To,...,Im|>s for some s > 0). 
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Then the formula: 
a = (a0,...,0m) > (Fola), --, Fala)), a € X(K) NP™ (KY! 
defines a morphism f : X > Y. 


Proof. Observe that property (i) is needed in order the formula for the map is well 
defined on orbits of K* on C(K)”. We also have to check that (Fo(a),..., Fn(a)) € 
C(K)n OY (kK) for all k-algebras K. The “functoriality” (i.e. the commutativity of 
the diagrams corresponding to homomorphisms K —> K’) is clear. Let af : k[T]/I > 
K, T; mod I > a;, be the homomorphisms defined by the point a. The composition 
atog: k|T']/J > K is defined by sending T; mod J to F;(a). Thus for any G € J we 
have G(Fo(a),..., n(a)) = 0. It remains to show that (Fo(a),...,Fn(a)) E€ C(K)n. 
Suppose the coordinates generate a proper ideal a of K. By assumption, for some 
s > 0, we can write TF = )7,Q;F; + a, for some Q; € k[T]. Thus a? = T?(a) € 
I. Writing 1 = 5°, bja?, we obtain that 1 € a. This contradiction shows that 
(Fo(a),..-,;Fn(a)) € C(K)n. This proves the assertion. 














Example 7.3. Let ¢ : k|To,..., Tn] > k|To,..., Tn] be an automorphism of the 
polynomial algebra given by a linear homogeneous change of variables. More precisely: 


n 
(Ti) =a. t= 042.47 
j=0 


where (a;j) is an invertible (n + 1) x (n + 1)-matrix with entries in k. It is clear that 
@ satisfies the assumption of Proposition 7.2, therefore it defines an automorphism: 
f : PY — P. It is called a projective automorphism. 


Example 7.4. Assume char(k) 4 2. Let C C AZ be the circle Z? + Z2 = 1 and let 
X : T? +T? = T? be its projective closure in P?. Applying a projective automorphism 
of Pe To > To,T, > To —T1, To —> To + Tı we see that X is isomorphic to the curve 
T? —TıT = 0. Let us show that X is isomorphic to Pi. The corresponding morphism 
ve Pi — X is given by 

(ao, a1) + (agai, a2, a3). 


The polynomials To7}, fae ine obviously satisfy the assumption of the Proposition 7.2. 
The inverse morphism f—~! : X > Pi is defined by the formula: 


(a1, a0) if a, E€ K*, 
(ao, a2) if ag E€ K* 


(ao, a1, a2) > 
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Note that ag € K* if and only if a1,a2 € K*, 
(a1, a0) = a2(a1, a0) = (a1 a2, a0a2) = (aĉ, apa2) = ao(ao, a2) = (ao, a2) 
if a1,a2 € K*, and 
(ag, 41, a2) > (a1, a9) > (a1a0, a7, a2) = (aiao, af, aya2) = 


aı (ao, a1, a2) = (ao, a1, a2) if aye Ka 
(ao, a1, a2) — (ao, a2) > (apa2, a6, a5) = 
(apaz, a102, a2) = a2(a0, 1,42) = (a0, 41,42) if ag € K*. 


Similarly, we check that the other composition of the functor morphisms is the identity. 
Recall that the affine circle X is not isomorphic to the affine line Aj. 


Example 7.5. A projective subvariety Æ of P% is said to be a projective subspace of 
dimension d (or d-flat) if it is given by a system of linear homogeneous equations with 
coefficients in k, whose set of solutions in k”*+! is a linear subspace E of k”+! of 
dimension d + 1. It follows from linear algebra that each such E can be given by a 
homogeneous system of linear equations 


by = 0p Baie =: 


Let X C P% be such that 


Then the map 
a> (Lo(a),...,Im—a_i(a)), ae X(KY, 


defines a morphism 
pe: X > pee 


which is said to be a linear projection from E. Let L be a projective subspace of 
dimension n — d — 1 such that E(k) N L(K) = Ø. Then we can interpret the 
composition pg : X > peat — P? as follows. Take a point x € X(K)’, find a 
projective subspace E’ C P? of dimension d+ 1 such that E'(K) contains E(K) and 
x. Then 

pr(2) = E'(K) N L(K). 


We leave this verification to the reader (this is a linear algebra exercise). 
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Example 7.6. We already know that Pi is isomorphic to a subvariety of Pp? given by 
an equation of degree 2. This result can be generalized as follows. Let N = (mrm) —1. 


Let us denote the projective coordinates in pY by 
Ti = Tosin io t- tin = lil =m. 


Choose some order in the set of multi-indices i with |i| = m. Consider the morphism 
(the Veronese morphism of degree m) 


N 
Un, m : Pr => P, r 


defined by the collection of monomials (... T .) of degree m. Since Tİ generate 
an irrelevant ideal, we can apply Proposition 17.4, so this is indeed a morphism. For 
any k-algebra K the corresponding map vn,m( KY : P}(KY > PN (K) is defined by 
the formula (ao, ...,an) > (...,Ti(a),...). The image of vn,m( KY is contained in 
the set Ver?’ (K), where Ver?” is the projective subvariety of PN given by the following 
system of homogeneous equations 


{TT — TyTs = O}itj=k+t- 


It is called the m-fold Veronese variety of dimension n. We claim that the image 
of Unm(K) is equal to Very (K) for all K, so that Un,m defines an isomorphism of 
projective algebraic varieties: 


Unm : PE > Very’. 


To verify this it suffices to check that vn,m(K)(P}(K)”) = Verp (K)” (compare with 
the beginning of the lecture). It is easy to see that for every (...,a;,...) € Ver (K)” 
at least one coordinate ame, is invertible (e; is the i-th unit vector (0,...,1,...0)). 
After reindexing, we may assume that ame, Æ 0. Then the inverse map is given by 
the formula: 


(£o, £1, tee Tn) = (4(m,0,...,0)> @(m—1,1,0,...,0)9 . < , Q(m—1,0,...,0,1)): 


Note that the Veronese map v1,2 : PL > P? is given by the same formulas as the map 
from Example 7.4, and its image is a conic. 


Next we want to define the Cartesian product X x Y of two projective varieties 
X and Y in such a way that the set of K-points of X x Y is naturally bijectively 
equivalent to X(K) x Y(K). The naturality is again defined by the commutativity of 
diagrams corresponding to the maps X x Y (K) + X x Y(L) and the product map 
X(K) x Y(K) + X(L) x Y(L). Consider first the case where X = P? and Y = PẸ. 
For any k-algebra K and two submodules M c K"*!, M’ c K™*! we shall consider 
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the tensor product M @ N as a submodule of K”+! Qg K+ Œ KO+V(M+)) | It is 
easy to see that this defines a map (called the Segre map) 


s(n,m)x :P"(K) x P™(K) > PX(K), N=(n+1)(m+1)-1. 
Its restriction to P(A)! x P™ (Kx)! is defined by the formula 
((ao, sae „an), (bo, sae ,bm)) 5 (aobo, e.g aobm, aıbo, wae , 410m, see ,Anbo, e.g anbm). 


It is checked immediately that this map is well defined. It is easy to see that it 
is injective on the subsets P”(K)” x P(x)”. In fact, if a; € K*, we may assume 
a; = 1, and reconstruct (bo,..., bm) from the right-hand side. Similarly we reconstruct 
(ao,.--,@n). It is clear that the image of the map s(n,m)x is contained in the set 
Z(K), where Z is a projective subvariety of PY given by the equations: 


TijTik — TikTiy = 9, i1,4=0,...,n; j,k =0,...,m. (7.4) 


in the polynomial ring k[To,..., Tyn], To = Too, ---, TN = Tam. It is called the Segre 
variety. Let us show that the image of s(n,m)x is equal to Z. Since we can re- 
construct any M € P”(K) from its localizations, it suffices to verify that the map 
s(n,m)% : P?(K)” x P™(K)" > Z(K)" is surjective. Let z = (z00,.--,2nm) € 
Z(K)” with some z;; € K*. After reindexing we may assume that zoo € K*. Then 
Zij = Z00Žij = 40; 20 for any i = 0,...,n,j = 0,...,m. Thus, 2 = Snm( Icy (a; gy); 
where 
T = (200, 210; +- +, Zn0); Y = (200, 201,-++ 120m): 
It remains to set 
Pex P= zPY. (7.5) 

At this point it is natural to generalize the notion of a projective variety as we did 

for an affine variety. 


Definition 7.1. A projective algebraic k-variety is a correspondence F which assigns 
to each k-algebra K a set F(K) together with maps F(¢) : F(K) —> F(L) defined 
for any homomorphism @: K — L of k-algebras such that the following properties 
hold: 


(i) F(¢) o F(p) = F(ġ 0 Y) for any 6: K > L and 4 : L > N; 


(ii) there exists a projective algebraic k-variety X and a set of bijections ®x : 
F (i) —> X (K) such that for any ¢ : K > L the following diagram is commu- 


tative: 


Rie eh (7.6) 
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With this definition in mind we can say that the correspondence K — P”(K) x 
P’ (Ec) is a projective algebraic variety. 

We leave to the reader to define the notions of a morphism and isomorphism 
between projective algebraic k-varieties. 

For example, one defines the projection morphisms: 


pi : Pk x PE > P}, po: PE x PE Pe. 


Now for any two projective subvarieties X C P and Y C P% defined by the 
equations {F;(Zo,..., Ta) = O}ses and {Ga (Th, ---, Th) = O}segr, respectively, the 
product X xY is isomorphic to the projective subvariety of PY, N = (n+1)(m+1)—1, 
defined by the equations: 


TOF (T)=0, j7=0,...,.m, s€ 8, r(s) =deg(F.(T)), 


TORT’) =0, i=0,...,n, s € 8’, r(s') = deg(F.,(T)), 


l 


TijTik — TikTj = 0, 1,1=0,...,n; j,k =0,...,m, 


where we write (uniquely) every monomial cy (resp. repay as the product 
of the variables T;; = T;T},i =0,..., (resp. Tij = T/T;,j =0,...,m). 


Remark 7.7. Recall that for any two objects X and Y of a category C, the Cartesian 
product is defined as an object X x Y satisfying the following properties. There are 
morphisms pı : X x Y + X and po: X x Y — Y such that for any object Z and 
morphisms f : Z > X,g: Z => Y there exists a unique morphism a: Z> X xY 
such that f = pı °a,g = p2 og. It is easy to see that the triple (X x Y, pı, p2) is 
defined uniquely, up to isomorphism, by the above properties. A category is called a 
category with products if for any two objects X and Y the Cartesian product X x Y 
exists. For example, if C = Sets, the Cartesian product is the usual one. If C is the 
category A of contravariant functors from a category A to Sets, then it has products 
defined by the products of the values: 


X x Y(A) = X(A) x Y(A). 


The Segre map construction shows that the category of projective algebraic varieties 
over a field & has products. As we saw earlier, the category of affine algebraic varieties 
also has products. 


Problems. 


1. Prove that any projective d-subspace in P% is isomorphic to Pe 
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2. Prove that P} x P} is isomorphic to a hypersurface Q C P} given by a homogeneous 
equation of degree 2 (a quadric). Conversely, assuming that k is algebraically closed 
of char(k) 4 2, show that every hypersurface : 


F(Q,T1,T2,Ts) = S > aigTZ+2 S > ay TiT; =0, 
0<t<3 O<i<j <3 


where the symmetric matrix (a;;) is nonsingular, is isomorphic to P} x Pz. Give an 
explicit formula for the projection maps: p; : Q > Pi. 


3. Show that Ver? is isomorphic to the projective closure of the affine curve given by 
the equations {Zn — Z? =0,..., Z2 — Z? = 0} (a rational normal curve of degree n). 
Compare this with the Problem 6 of Lecture 5. 


4. Show that the image of a linear projection of the twisted cubic curve in P? from a 
point not lying on this curve is isomorphic to a plane cubic curve. Find its equation 
and show that this curve is singular in the sense of the previous lecture. 


5. Show that the symmetric m-power S™(M) of a projective module is a projective 
module. Using this prove that the Veronese map Unm is defined by the formula 
M —> Sym” (M). 

6. a) Show that P?”(K)” x PP(K)” is naturally bijectively equivalent to the set of 
(n+1) x (n+1) matrices of rank 1 with coefficients in K defined up to multiplication 
by a nonzero scalar. 

b) Show that Ver? ( K)” is naturally bijectively equivalent to the set of symmetric rank 
1 square matrices of size n + 1 with coefficients in K defined up to multiplication by 
a nonzero scalar. 


7. Construct a morphism from Pi to the curve X equal to the projective closure of 
the affine curve (Z? + Z2}? — Z2(38Z? — Z2)) c Az. Is X isomorphic to P}? 


Lecture 8 


Quasi-projective algebraic sets 


Let k be a field and K be an algebraically closed field containing k as a subfield. 


Definition 8.1. A projective algebraic set over k (or a projective algebraic k-set) is a 
subset V of P” (K) such that there exists a projective algebraic variety X over k with 
X(K)=V. 


The variety X with X(K) = V Æ 0) is not defined uniquely by V. However, as 
follows from the Nullstellensatz 


X(K) = Y (K) <> rad(I(X)) = rad(I (Y )). 


Thus, if we require that X is given by a radical homogeneous ideal, the variety X is 
determined uniquely by the set X(K). In the following we will always assume this. 
Note that a radical homogeneous ideal J coincides with its saturation [S?*. Indeed, if 
m°F € I for some s and F € k|T]a then all monomials entering into F belong to mê. 
In particular, F° € m%s C m° and FSF = F*+! € J. Since I is radical this implies 
that F € I. In fact we have shown that, for any ideal J, we have 


I c I®™ C rad(I). 


This, if J = rad(I), then J = [S**. Since a projective algebraic k-variety is uniquely 
determined by a saturated homogeneous ideal, we see that there is a bijective cor- 
respondence between projective algebraic k-sets and projective algebraic k-varieties 
defined by a radical homogeneous ideal (they are called reduced projective algebraic 
k-varieties). 

We can consider P”(K) as a projective algebraic set over any subfield k of K. 
Any projective algebraic k-subset of P”(K) is called a closed subset of P”(A’). The 
reason for this definition is explained by the following lemma. 
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Proposition 8.1. There exists a unique topology on the set P”(K) whose closed 
subsets are projective algebraic k-subsets of P} (K). 


Proof. This is proven similarly to that in the affine case and we omit the proof. 














The topology on P”(K) whose closed sets are projective algebraic subsets is said 
to be the Zariski k-topology. We will denote the corresponding topological space by 
Pi (i). As is in the affine case we will drop k from the definitions and the notations 
if k = K. Every subset of P? (Jc) will be considered as a topological subspace with 
respect to the induced Zariski k-topology. 


Lemma-Definition 8.2. A subset V of a topological space X is said to be locally 
closed if one the following equivalent properties holds: 


(i) V =U Z, where U is open and Z is closed; 
(ii) V is an open subset of a closed subset of X; 


(iii) V = Z \ Z2, where Zı and Z2 are closed subsets of X. 











Proof. Left to the reader. 





Definition 8.2. A locally closed subset subset of P?(K) is called a quasi-projective 
algebraic k-set. 


In other words, a quasi-projective k-subset of P”(K) is obtained by taking the set 
of K-solutions of a homogeneous system of algebraic equations over k and throwing 
away a subset of the solutions satisfying some additional equations. 

An example of an open quasi-projective subset is the subset 


P" (i); = {(ao, anaes sty) E P”(K) : Qi x O}. 
Its complement is the “coordinate hyperplane’ : 
A; = {(ao, siete Gn) E€ P”(K) [ay = O}. 


Every affine algebraic k-set V C AZ(K) can be naturally considered as a quasi- 
projective algebraic set. We view A” (K) = K” as the open subset P”(A’)o, then note 
that V = VM P"(K)o, where V is the closure of V defined by the homogenization of 
the ideal defining V. It is clear that, in general V is neither open nor closed subset 
of P"(K). Also observe that V equals the closure in the sense of topology, i.e., the 
minimal closed subset of P? (K) which contains V. 

Next, we want to define regular maps between quasi-projective algebraic sets. 
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Definition 8.3. A map f : V > W cC P™(K) of quasi-projective algebraic k-sets is 
called regular if there exists a finite open cover V = U;U; such that the restriction of 
f to each open subset U; is given by a formula: 


r > (FO (x),..., F(x), 


where FOUL), yi FÉ (T) are homogeneous polynomials of some degree d; with co- 
efficients in k. 


Proposition 8.3. If V = X(K) and W = Y(K) for some projective algebraic k- 
varieties X and Y, and f : X — Y is a morphism of projective algebraic varieties, 
then fg : V — W is a regular map. 


Proof. We have shown in Lecture 7 that the restriction of fg to each open set V(P"); 
is given by several collections of homogeneous polynomials. Each collection is defined 
on an open set of points where some element of a covering family does not vanish. 














Let V C P}(K),W = A! (K). A regular map f : V + Al(K) c PI(K) is given 
(“locally”) by two homogeneous polynomials Fo(T), Fi (T) € k[To, ...,Tn]a such that 
Fo(x) 4 0 for all x in some open subset U; of V (could be the whole V but this is 
unlikely in general). Its value 


f(x) = (Folz), Fi(x)) = (1, Fi@)/Fo(@)) 


can be identified with the element F\(x)/Fo(x) of the field K = A!(K). Thus f 
is given in U; by a function of the form F/G, where F and G are homogeneous 
polynomials of the same degree with G(x) 4 0 for all 2 € U;. Two such functions 
F/G and F'/G' are equal on U; if and only if (F'G’ — F’G)(x) = 0 for all x € Uj. If 
V is irreducible this implies that (F'G’ — F’G)(ax) = 0 for all z € V. 

A regular map f : V > A!(K) is called a regular function on V. The set of regular 
functions form a k- algebra with respect to multiplication and addition of functions. 
We shall denote it by O(V). As we will prove later O(V) = k if V is a projective 
algebraic k-set. On the opposite side we have: 


Proposition 8.4. Let V C A” be an affine algebraic set considered as a closed subset 
in P”(K)i. Then O(V) is isomorphic to the algebra of regular function of the affine 
algebraic set V. 


Proof. Without loss of generality we may assume that 7 = 0. Let us, for a mo- 
ment, denote the algebra of regular functions on an affine algebraic set (in the old 
sense) by O(V)’. If f € O(V)’, we represent it by a polynomial F(Z1,..., Zn) = 
P(To,...,In)/T§ for some homogeneous polynomial P of degree r. Then f coincides 
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with a regular function in the new definition given by polynomials (75, P(Zo,...,Tn))- 
This defines a homomorphism O(V)/ + O(V). Its injectivity is obvious. Let us show 
that this homomorphism is surjective. Let V be given by a system of equations 
Fy(Z1,...,Zn) = 0,8 € S, and f € O(V) and {U;}ier be an open cover of V such 
that there exist homogeneous polynomials P;(To, . . . , Tn), Qi(To,---,; Tn) of the same 
degree d; for which 


filz) = P;(x)/Qi(x£), Q:i(z) 70 forall x € U;. 
Let Q;(Z)’, P;(Z)/ denote the dehomogenized polynomials. We have 
Qe) fF(£) = P;(£Y, tele eUi. 
If we multiply both sides by a polynomial vanishing on the closed subset V \ U;, we 
will have the equality valid for all 2 € V. We assume that this is the case. The system 


of equations 
Qi(Z) =0,i €I, F,(Z)=0,8 eS, 


has no solutions in K”. By Hilbert’s Nullstellensatz 
1= 5° AQ(Z) + 5° BF) (8.1) 
i s 
for some polynomials A;,i € I, and B,,s € S. Thus, for any x € V, 


f(z) = D Aj(x)Qi(x)'f(@) = 2. Aj(x)Pi(x)’ = oF A:P;) (2). 


This shows that f is a global polynomial map, i.e. a regular function on V. 














An isomorphism (or a biregular map) of quasi-projective algebraic sets is a bijective 
regular map such that the inverse map is regular (see Remark 3.7 in Lecture 3 which 
shows that we have to require that the inverse is a regular map). Two sets are 
isomorphic if there exists an isomorphism from one set to another. 

It is not difficult to see (see Problem 8) that a composition of regular maps is a 
regular map. This implies that a regular map f : V —> W defines the homomorphism 
of k-algebras f*(O(W) — O(V). However, in general, this homomorphism does not 
determine f uniquely (as in the case of affine algebraic k-sets). 


Definition 8.4. A quasi-projective algebraic set is said to be affine if it is isomorphic 
to an affine algebraic set. 
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Let V be a closed subset of P”(A’) defined by an irreducible homogeneous poly- 
nomial F of degree m > 1. The complement set U = P” (K) \ V does not come from 
any closed subset of P”(K); since V does not contain any hyperplane T; = 0. So, 
U is not affine in the way we consider any affine set as a quasi-projective algebraic 
set. However, U is affine. In fact, let unm : P" (Kk) > PN (nm) be the Veronese map 
defined by monomials of degree m. Then Upm(U) is contained in the complement of 
a hyperplane H in PN(®%™) defined by considering F as a linear combination of mono- 
mials. Composing Un, m with a projective linear transformation we may assume that H 
is a coordinate hyperplane. Thus Unm defines an isomorphism from U to the open 
subset of the Veronese projective algebraic set Vernm(K) = Unm(P"(4)) whose 
complement is the closed subset Very (A) MH. But this set is obviously affine, it is 
defined in Pm) (kK); = KN(™™) by dehomogenizations of the polynomials defining 
Vernm. 


Lemma 8.5. Let V be an affine algebraic k-set and f € O(V). Then the set 


D(f) ={z eV: fla) #0} 


is affine and 


Proof. Replacing V by an isomorphic algebraic k-set, we may assume that V = X (K), 
where X C K” is an affine algebraic k-variety defined by an ideal J. Let F € 
k[Z1,..., Zn] be a polynomial representing f. Consider the closed subset of K"+! = 
K” x K defined by the equation FZn+1 — 1 = 0 and let V’ be its intersection with 
the closed subset V x K. It is an affine algebraic k-set. We have 


O(V’) = k[Z,, RAGS Zn, Ape CL, FZn+i g 1) = k[Zy, AHS Zn) /(D)[5] = OV) 5. 


Let p: K"*! — K” be the projection. | claim that the restriction of p to V’ defines 

an isomorphism p' : V’ + D(f). It is obviously a regular map, since it is defined 

by the polynomials (Z1,..., Zn). The inverse map p-! : V — V” is defined by the 

map x +> (x, F@y)- Let us see that it is a regular map. Let P(Tọ,..., Tn) be a 

homogenization of F, i.e., F = a for some d > 0. We view V’ as a closed subset 
0 


of P”+1(K)o and D(f) as a locally closed subset of P?!(K’)o. Obviously, the map p~! 
coincides with the map 


x = (1, ca RP £n) > (PTolx), cL (cl Pe PL (gto (£)) a (tirna Fay 











defined by homogeneous polynomials (PTo, PT),... Pier) of degree d+ 1. 
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Theorem 8.6. Let V be a quasi-projective k-set and x € V. Then there exists an 
open subset U C V containing x which is an affine quasi-projective set. 


Proof. Let V = Zi \ Z2, where Z 1, Z2 are closed subsets of P(A). Obviously, 
x € P”(K); for some i. Thus x belongs to (Z1 N P"(K);) \ (Z2 O P"(K);). The 
subsets Zı N P”(K); and Z2 N P”(K); are closed subsets of A”. Let F be a regular 
function on K” which vanishes on Z2 N P”(K); but does not vanish at x. Then its 
restriction to VN(Z,NP"(K);) defines a regular function f € O(VAP”(K);) such that 
x € D(f) CV AP"(K);. By the previous lemma, D(f) is an affine quasi-projective 
k-set. 














Corollary 8.7. The set of open affine quasi-projective sets form a basis in the Zariski 
topology of P"(K). 


Recall that a basis of a topological space X is a family F of open subsets such that 
for any x € X and any open U containing x there exists V € F such thatz © V CU. 
We shall prove in the next lecture that the intersection of two open affine sets is an 
open affine set. This implies that the Zariski topology can be reconstructed from the 
set of affine open sets. 


Remark 8.8. The reader who is familiar with the notion of a manifold (real or complex) 
will easily notice the importance of the previous theorem. It shows that the notion of 
a quasi-projective algebraic set is very similar to the notion of a manifold. A quasi- 
projective algebraic set is a topological space which is locally homeomorphic to a 
special topological space, an affine algebraic set. 


Proposition 8.9. Every quasi-projective algebraic k-set V is a quasi-compact topo- 
logical space. 


Proof. Recall that a topological space V (not necessarily separated) is said to be 
quasi-compact if every its open covering {U;};e7 contains a finite subcovering, i.e. 


V = Vier Ui => V = Vie Ui, 


where J is a finite subset of J. 
Every Noetherian space is quasi-compact. Indeed, in the above notation we form 
a decreasing sequence of closed subsets 


V \Ua D V \ (Ua LU Sone 


which must stabilize with a set V’ = V \ (U; U...UU;,). If it is not empty, we can 
subtract one more subset U;, to decrease V’. Therefore, V’ = Ø and V = U, U. . .UU;,. 
Thus, it suffices to show that a quasi-projective set is Noetherian. But obviously it 
suffices to verify that its closure is Noetherian. This is checked similarly to that as in 
the affine case by applying Hilbert’s Basis Theorem. 
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Corollary 8.10. Every algebraic set can be written uniquely as the union of finitely 
many irreducible subspaces Z;, such that Z; É Z; for anyi £ j. 


Lemma 8.11. Let V be a topological space and Z be its subspace. Then Z is 
irreducible if and only if its closure Z is irreducible. 











Proof. Obviously, follows from the definition. 





Proposition 8.12. A subspace Z of P}(K) is irreducible if and only if the radical 
homogeneous ideal defining the closure of Z is prime. 


Proof. By the previous lemma, we may assume that Z is closed. Then Z is a projective 
algebraic set defined by its radical homogeneous ideal. The assertion is proven similarly 
to the analogous assertion for an affine algebraic set. We leave the proof to the 
reader. 














Problems. 

1. Is the set {(a,b,c) € P?(K):a40,b 40} U {(1,0,0)} quasi-projective? 

2. Let V be a quasi-projective algebraic set in P”(A’), W be a quasi-projective algebraic 
set in P”(K). Prove that sn,m(K)(V x W) is a quasi-projective algebraic subset of 
Segnm(K) = Snym(K)(P"(K) x P"(K)) c POH (m+)=1( 0), 

3. Let us identify the product V x W C P”(K) x P"(K) of two quasi-projective 
algebraic k-sets with a quasi-projective algebraic k-subset of the Segre set Segn m(KX). 
Let f: V —> V’ and g: W — W’ be two regular maps. Show that the map 
fxg:VxW-V’' x W’ isa regular map. 





4. Is the union (resp. the intersection) of quasi-projective algebraic sets a quasi- 
projective algebraic set? 

5. Find the irreducible components of the projective subset of P?(K) given by the 
equations: T)Tp — T? = 0,7, T3 — T2 = 0. 

6. Show that every irreducible component of a projective hypersurface V (F) = {a € 
P”(K) : F(a) = 0} is a hypersurface V(G), where G is an irreducible factor of the 
homogeneous polynomial F(T). 

7. Describe explicitly (by equations) a closed subset of some K” which is isomorphic 
to the complement to a conic ToT, + T? = 0 in P?(K). 

8. Prove that a regular map is a continuous map and that the composition of regular 
maps is a regular map. 
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Lecture 9 


The image of a projective 
algebraic set 


Let f : V — W bea regular map of quasi-projective k-sets. We are interested in its 
image f(V). Is it a quasi-projective algebraic set? For instance, let f : K? + K? be 
given by (x,y) +> (x, xy). Then its image is the union of the set U = {(a,b) € K? : 
a # 0} and the closed subset Z = {(0,0)}. The complement of a a locally closed 
subset is equal to the union of an open a closed set. If the open part is not empty, 
then closure must be equal to K?. The complement of f (7) is equal to the set of 
points (0,y),y # 0. Obviously, its closure is the line y = 0 and it does not contain 
any open subsets of K”. Thus f(AZ(K)) is not locally closed in A?(K). Since K? 
is an open subset of P?(K), f(AZ(K)) is not locally closed in P2(K), i.e., it is not a 
quasi-projective algebraic set. 

However, the situation is much better in the case where V is a projective set. We 
will prove the following result: 


Theorem 9.1. The image of a projective algebraic k-set V under a regular map 
f :V — W is a closed subset of W in the Zariski k-topology. 


To prove this theorem we note first that 


FV) = pra (T p) 
where 
Ty = {(z,y) EV x W : y= f(x)} 
is the graph of f, and pro : V x W > W, (x,y) => y is the projection map. We will 
always consider the product V x W as a quasi-projective set by embedding it into a 


projective space by the Segre map. In particular, V x W is a topological space with 
respect to the Zariski topology. 
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Our theorem follows from the following two results: 


Proposition 9.2. The graph I’; of a regular map f : V — W is a closed subset of 
Vxw. 


Theorem 9.3. (Chevalley). Let V be a projective algebraic k-set, W be a quasi- 
projective algebraic k-set and Z be a closed subset of V x W. Then pr2(Z) is closed 
in W. 

Let us first prove the proposition. The proof is based on the following simple 
observations: 


(i) If W c W' and f’ : V + W’ is the composition of f and the inclusion map, 
then Ty = (V x W)MT yr. Thus, the closeness of Tp in V x W’ implies the 
closeness of I’. 


(ii) If f: V > W and f’: V’ > W’ are two regular maps, then the map f x f’: 
V x W —> V' x W',(x,x') & (f(x), f’(y)) is a regular map (Problem 4 from 
Lecture 8). 


(iii) If Aw = {(y,y) EW xW : y = y'} (the diagonal of W), then Ty = 
(f x idw) + (Aw). 
By (ii), f x idw : V x W > W x W is continuous. Thus it suffices to check that 


Aw C W x W is closed. By (i) we may assume that W = P}(K). However, the 
diagonal Apn(K) C PRU) x PZ (ck) is given by the system of equations: 


Tij — Tyg =0,4, j =0,...,n, TijTrt — TT; = 0,4, j, r,t ae N. 


in coordinates T;; of the space containing the image of P}(K) x P}(K) under the 
Segre map Sn,n( K). This proves Proposition 9.2. 


Remark 9.4. . It is known from general topology that the closeness of the diagonal of 
a topological space X is equivalent to the Hausdorff separateness of X. Since we know 
that algebraic sets are usually not separated topological spaces, Proposition 9.2 seems 
to be contradictory. To resolve this paradox we observe that the Zariski topology of 
the product V x W is not the product of topologies of the factors. 

One should also compare the assertion of Theorem 9.3 with the definition of a perfect 
map of topological spaces. According to this definition (see N. Bourbaki, General 
Topology, Chapter 1, §11), the assertion of the theorem implies that the constant map 
X — {point} is perfect. Corollary 9.6 to Theorem 9.1 from loc. cit. says that this is 
equivalent to that X is quasi-compact. Since we know that X is quasi-compact always 
(projective or not projective), this seems to be a contradiction again. The explanation 
is the same as above. The Zariski topology of the product is not the product topology. 
Nevertheless, we should consider the assertion of Theorem 9.3 as the assertion about 
the “compactness” of a projective algebraic set. 
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To prove Theorem 9.3 we need the following: 


Lemma 9.5. Let V be a closed subset of P} (K) xPP (K) (resp. of P}(K) x A’ (K)). 
Then V is the set of zeroes of polynomials P;(T,T’) € k[To,..., Tn, To; - -<3 Dhl, 
s € S, which are homogeneous of degree d(s) in variables To,...,T;, and homoge- 
neous of degree d(s)' in the variables Tj,...,T/, (resp. V is the set of zeroes of 
polynomials P,(To,..., Tn, Zis- -, Zh) © klTo,,.-., Tn, Zie 2 LS E€ S, which 
are homogeneous of degree d(s) in variables Tọ, ..., Tn). Conversely, every subset of 
P}(K) x PE (K) (resp. of P}(K) x A} (K)) defined in this way is a closed subset in 
the Zariski k-topology of the product. 


Proof. It is enough to prove the first statement. The second one will follow from 
the first one by taking the closure of V in P? (i) x PẸP(K) and then applying the 


dehomogenization process in the variable T. Now we know that V is given by a system 
(n+1)(m+1)—1 


of homogeneous polynomials in variables T;; in the space P} and the system 
of equations defining the Segre set Segn,m( K). Using the substitution Tj; = T,T", 
we see that V can be given by a system of equations in To,...,Tn,7j,---,; I, which 


are homogeneous in each set of variables of the same degree. If we have a system 
of polynomials P;(To,..., Tn, T6, ---, Th) which are homogeneous of degree d(s) in 


+m 


variables To, ..., Tn and homogeneous of degree d(s)’ in variables Tj,...,7%,, its set 


ti m! 


of solutions in P(A’) x P;’ (Ic) is also given by the system in which we replace each 
P, by TI)-4" P i =0,...,m, if d(s) > d(s) and by T® 20 P, i = 0,...,n, 
if d(s) < d(s)’. Then the enlarged system arises from a system of polynomials in Tj; 
after substitution Tj; = TT}. 














Now let us prove Theorem 9.3. Let V be a closed subset of P? (iv). Then 
Z C V xW isa closed subset of P”(K) x W and pro(Z) equals the image of Z under 
the projection P? (ic) x W — W. Thus we may assume that V = P} (i). 

Let W = UjeU; be a finite affine covering of W (i.e. a covering by open affine 
sets). Then V x W = Uier(V x Ui), Z = Vier ZN (V x Uj) and pro(Z) = Uierpra(ZM 
(V x U;)). This shows that it suffices to check that pro(Z) A (V x U;) is closed in 
U;. Thus we may assume that W = U; is affine. Then W is isomorphic to a closed 
subset of some AP (K), V x W is closed in V x Aj’ (K) and pro(Z) is equal to the 
image of Z under the second projection V x A} —> Aj”. Thus we may assume that 
W =A'™(K) and V = P?(K). 

Let Z be a closed subset of P}(K) x A} (K). By Lemma 9.5, Z can be given by 
a system of equations 


PA Tisesag Tm tlr tm) = 0; T= Lea. 


where F; € k[To,...,In,t1,.--,tm] is a homogeneous of degree d(i) in variables 
To, ..-,Tn. For every a = (a1,...,@m) E€ K”, we denote by X, the projective 
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algebraic subset of P”(A’) defined by the system of homogeneous equations: 
F;(To,- --, Tn; Q1; - -3 0m) =(, i= bjsss N: 


It is clear that Xa = Ø if and only if (0,...,0) is the only solution of this system in 
K"+!. By Nullstellensatz, this happens if only if the radical of the ideal J, generated by 
the polynomials F;(T,a1,...,@m) is equal to (Tọ, ..., Tn). This of course equivalent 
to the property that (7o,...,7n)° C Ia for some s > 0. 

Now we observe that 


Pro(Z) = {a € K” : Xa #0} = {a Skt (To,..., Tn)? É Ia for anys > 0} 


= Ns>o{a E€ K™ : (To,..., Tn)? É Ia}. 


Thus it suffices to show that each set Y, = {a € K™ : (To,..., Tn) Z Ia} is 
closed in the Zariski k-topology. Note that (To,..., Tn)? C Ia means that every 
homogeneous polynomial of degree s can be written as }>,, Fi(T,a)Qi(T)) for some 
Qi(T) € k[T]s—ac), where d(i) = degF;(T,a). Consider the linear map of linear 
k-spaces 


N 


o : DAT .-aw > klTl (Q1,---,Qn) = AIT, a)Q;(T)). 


(=l 


This map is surjective if and only if a € K” \ Ys. Thus, a € Y; if and only if 
rank(@) < d = dimk|T]s. The latter condition can be expressed by the equality to 
zero of all minors of order d in any matrix representing the linear map @. However, 
the coefficients of such a matrix (for example, with respect to a basis formed by 
monomials) are polynomials in a1,...,@n with coefficients from k. Thus, every minor 
is also a polynomial in a. The set of zeros of these polynomials defines the closed 
subset Y, in the Zariski k-topology. This proves Theorem 9.3. 

Recall that a topological space X is said to be connected if X # Xı U Xə where 
Xı and Xə are proper open (equivalently, closed) subsets with empty intersection. 
One defines naturally the notion of a connected component of V and shows that V 
is the union of finitely many connected components. Clearly, an irreducible space 
is always connected, but the converse is false in general. For every quasi-projective 
algebraic k-set V we denote by mo(V) the set of its connected components. Let To(V) 
denote the set of connected components of the corresponding K-set. Both of these 
sets are finite since any irreducible component of V is obviously connected. We say 
that V is geometrically connected if #7)(V) = 1. Notice the difference between 
connectedness and geometric connectedness. For example, the number of connected 
components of the affine algebraic k-subset of Al defined by a non-constant non- 
zero polynomial F(Z) € k[Z] equals the number of irreducible factors of F(Z). The 
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number of connected components of the corresponding K-set equals the number of 
distinct roots of F(Z) in K. 


Corollary 9.6. Assume k is a perfect field. Let V be a projective algebraic k-set, 
n = #ro(V). Then there is an isomorphism of k-algebras O(V) = ki ©... ® kn 
where each k; is a finite field extension of k. Moreover 


n 


do [ki : k] = #70(V). 


i 
In particular, if V is connected as an algebraic K-set, O(V) = K. 


Proof. Let Vi,..., Vn be connected components of V. It is clear that O(V) = O(vV1)® 
...@O(V,,) so we may assume that V is connected. Let f € O(V). It defines a regular 
map f : V —> A!l(K). Composing it with the inclusion Al(K) => Pi(K), we obtain 
a regular map f’: V + Pi(K). By Theorem 9.1, f(V) = f’(V) is closed in Pi (K). 
Since f(V) c Aj(K), it is a proper closed subset, hence finite. Since V is connected, 
f(V) must be connected (otherwise the pre-image of a connected component of f(V) 
is a connected component of V). Hence f(V) = {a1,...,a,-} C K is the set of 
roots of an irreducible polynomial with coefficients in k. It is clear that a; 4 0 unless 
f(V) = {0} hence f = 0. This implies that f(x) 4 0 for any x € V. If f is given 
by a pair of homogeneous polynomials (P,Q) then f7} is given by the pair (Q, P) 
and belongs to O(V). Therefore O(V) is a field. Assume k = K, then the previous 
argument shows that r = 1 and f(x) = a; for all x € V, i.e., O(V) = k. Thus 
if V denotes the set V considered as a K-set, we have shown that O(V) & K™ 
where m = #7t0(V) = #70(V). But obviously O(V) = O(V) @, K = K? where 
d = [O(V) : k]. Here we again use that O(V) is a separable extension of k. This 
shows that m = [O(V) : k] and proves the assertion. 




















Corollary 9.7. Let Z be a closed connected subset of P(X). Suppose Z is contained 
in an affine subset U of P}(K). Then the ideal of O(U) of functions vanishing on Z 
is a maximal ideal. In particular, Z is one point if k is algebraically closed. 


Proof. Obviously, Z is closed in U, hence is an affine algebraic k-set. We know that 
O(Z) = K is a finite field extension of k. The kernel of the restriction homomorphism 
resyjz : OU) + O(Z) = k’ is a maximal ideal in O(U). In fact if A is a subring 
of k’ containing k it must be a field (every nonzero x € A satisfies an equation 
a” + aye” 1 +... + an8 + Gn = 0 with an Æ 0, hence 2(2""1 + aya"? +... + 
Gn—1)(—a;,,!) = 1). This shows that Z does not contain proper closed subsets in the 
Zariski k-topology. If k is algebraically closed, all points are closed, hence Z must be 
a singleton. 
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Corollary 9.8. Let f : V — W be a regular map of a connected projective algebraic 
set to an affine algebraic set. Then f is a constant map. 


Proof. We may assume that k = K since we are talking about algebraic AK-sets. Let 
W c P”(K)o C P"(K) for some n, and f’ : V + P”(K) be the composition of f 
and the natural inclusion W <> P”(K). By Theorem 9.1, f(V) = f’(V) is a closed 
connected subset of P” (K) contained in an affine set (the image of a connected set 
under a continuous map is always connected). By Corollary 9.7, f(V) must be a 
singleton. 














Problems. 

1. Let A[T,...,Tn]a be the space of homogeneous polynomials of degree d with 
coefficients in an algebraically closed field K. Prove that the subset of reducible 
polynomials is a closed subset of K[Tọ,...,Tnļ]a where the latter is considered as 


affine space AN (K), N = eg Find its equation when n = d = 2. 

2. Prove that K” \ {a point} or P”(K) \ {point} is not an affine algebraic set if 
n > 1, also is not isomorphic to a projective algebraic set. 

3. Prove that the intersection of open affine subsets of a quasi-projective algebraic set 
is affine [Hint: Use that for any two subsets A and B of a set S, ANB = AsN (Ax B) 
where the diagonal Ag is identified with S]. 

4. Let X C P” be a connected projective algebraic set other than a point and Y is a 
projective set defined by one homogeneous polynomial. Show that X NY # 0. 

5. Let f: X — Zand g : Y — Z be two regular maps of quasi-projective algebraic 
sets. Define X xz Y as the subset of X x Y whose points are pairs (x,y) such that 
f(x) = gly). Show that X xz Y is a quasi-projective set. A map f : X — Z is called 
proper if for any map g : Y — Z and any closed subset W of X xz Y the image of 
W under the second projection X x Y — Y is closed. Show that f is always proper 
if X is a projective algebraic set. 


Lecture 10 


Finite regular maps 


The notion of a finite regular map of algebraic sets generalizes the notion of a finite 
extension of fields. Recall that an extension of fields F — E is called finite if E is 
a finite-dimensional vector space over F. This is easy to generalize. We say that an 
injective homomorphism @: A —> B of commutative rings is finite if B considered as 
a module over A via the homomorphism ¢ġ is finitely generated. What is the geometric 
meaning of this definition? Recall that a finite extension of fields is an algebraic 
extension. This means that any element in E satisfies an algebraic equation with 
coefficients in F. The converse is also true provided F is finitely generated over F as 
a field. We shall prove in the next lemma that a finite extension of rings has a similar 
property: any element in B satisfies an algebraic equation with coefficients in (A). 
Also the converse is true if we additionally require that B is a finitely generated algebra 
over A and every element satisfies a monic equation (i.e. with the highest coefficient 
equal to 1) with coefficients in ọ(A). 


Let us explain the geometric meaning of the additional assumption that the equa- 
tions are monic. Recall that an algebraic extension Æ/F has the following property. 
Let y : F — K be a homomorphism of F to an algebraically closed field K. Then 
y extends to a homomorphism of fields x : E — K. Moreover, the number of these 
extensions is finite and is equal to the separable degree |E : F'], of the extension 
E/F. An analog of this property for ring extensions must be the following. For any 
algebraically closed field K which has a structure of a A-algebra via a homomorphism 
y : A > K (this is our analog of an extension K/F) there a non-empty finite set of 
homomorphisms x; : B —> K such that z;o ¢ = y. Let us interpret this geometrically 
in the case when @ is a homomorphism of finitely generated k-algebras. Let X and Y 
be afiine algebraic k-varieties such that O(X) = B, O(Y) = A. The homomorphism 
@ defines a morphism f : X — Y such that ¢ = f*. A homomorphism y : A > K is 
a K-point of Y. A homomorphism y; : B —> K such that x; o ọ = y is a K-point of 
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X such that f(z) = y. Thus the analog of the extension property is the property 
that the map X(K) —> Y (K) is surjective and has finite fibres. Let B is generated 
over A by one element b satisfying an algebraic equation 


aoz” + arl +... tan =0 


with coefficients in A. Assume the ideal IT = (ao,...,@n—1) is proper but a, is 
invertible in A. Let m be a maximal ideal in A containing J. Let K be an algebraically 
closed field containing the residue field A/m. Consider the K-point of Y corresponding 
to the homomorphism y : A > A/m —> K. Since B & A|z]/(aox” + aix®™t +... + 
an), any homomorphism extending y must send an to zero but this is impossible since 
an is invertible. Other bad thing may happen if a, € I. Then we obtain infinitely 
many extensions of y, they are defined by sending x to any element in K. It turns out 
that requiring that ao is invertible will guarantee that X(K) — Y(K) is surjective 
with finite fibres. 
We start with reviewing some facts from commutative algebra. 


Definition 10.1. A commutative algebra B over a commutative ring A is said to be 
integral over A if every element x € B is integral over A (i.e. satisfies an equation 
ee tay” t+...+ a, = 0 with a; € A). 


Lemma 10.1. Assume that B is a finitely generated A-algebra. Then B is integral 
over A if and only if B is a finitely generated module over A. 


Proof. Assume B is integral over A. Let 21,..., £n be generators of B as an A-algebra 
(i.e., for any b € B there exists F € A[Z1,...,Z,] such that b = F(a1,...,2n)). 
Since each 2; is integral over A, there exists some integer n(i) such that x? can be 
written as a linear combination of lower powers of x; with coefficients in A. Hence 
every power of x; can be expressed as a linear combination of powers of x; of degree 
less than n(z). Thus there exists a number N > 0 such that every b € B can be 
written as a polynomial in £1,...,£n of degree < N. This shows that a finite set of 
monomials in £1,...,£n generate B as an A-module. 

Conversely, assume that B is a finitely generated A-module. Then every b € B 
can be written as a linear combination b = a,b; + ... + a,b,, where 6y,...,5, is a 
fixed set of elements in B and a; € A. Multiplying the both sides by b; and expressing 
each product b;bj as a linear combination of b;’s we get 


bb; = S agt Qij E A. (10.1) 
j 


This shows that the vector b = (b1,...,0,) satisfies the linear equation (M — bIn)b = 
0, where M = (aij). Let D = det(M — bIn). Applying Cramer's rule, we obtain that 


85 


Db; = 0,i = 1,...,n. Using (10.1) we see that Dx = 0 for all x € B. In particular, 
D- D = D? =0. It remains to use that the equation D? = 0 is a monic equation for 
b with coefficients in A. 














This Lemma implies the following result which we promised to prove in Lecture 2: 


Corollary 10.2. Let B be an A-algebra. The set of elements in B which are integral 
over A is a subring of B (it is called the integral closure of A in B). 


Proof. Let b,b’ € B be integral over A. Consider the A-subalgebra Afb, b’] of B 
generated by these elements. Since b is integral over A, it satisfies an equation b” + 
a,b"! +... +an,a; € A, hence Afb] is a finitely generated A-module generated by 
1,...,b"~+. Similarly, since b' is integral over A, hence over Afb], we get Afb, b'] = 
A[b][b’] is a finitely generated A[b]-module. But then A[b, b’] is a finitely generated 
A-module. By Lemma 10.1, Afb, b’] is integral over A. This checks that b+ b', b- 0! 
are integral over A. 














Lemma 10.3. Let B be integral over its subring A. The following assertions are true: 
(i) if A is a field and B is without zero divisors, then B is a field; 


(ii) if I is an ideal of B such that IX A = {0} and B is without zero divisors then 


T= {0}, 


(iii) if Pi C Pa are two ideals of B with Pı O A = Pa N A and Pi is prime, then 
Pi = Pa; 


(iv) if S is a multiplicatively closed subset of A, then the natural homomorphism 
Ag — Bg makes Bg an integral algebra over Ag; 


(v) if I is a proper ideal of A then the ideal IB of B generated by I is proper; 


(vi) for every prime ideal P in A there exists a prime ideal P’ of B such that 
P'NA=P. 


Proof. (i) Every x satisfies an equation x” + ayz""-!+...+ an = 0 with a; € 
A. Since B has no zero divisors, we may assume that a, 4 0 if x # 0. Then 
a(x”) + ar"? +... + Gn_1)(—a;z,') = 1. Hence z is invertible. 

(ii) As in (i), we may assume that every nonzero x € I satisfies an equation 
r” +ayr"1+...+a, = 0 with a; € A and a, 40. Then a, = —a(2™ !+a2" 7+ 
12s +an—1) E INA. Since I N A = {0}, we obtain a, = 0. Thus I has no nonzero 
elements. 

(iii) Let Po = Pı N A. Then we may identify A = A/Po with a subring of 
B = B/P; with respect to the natural homomorphism A/Po > B/P1. Let P} be the 
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image of Py in B. Then PLN A = {0}. Obviously, B is integral over A and has no 
zero divisors. Thus we may apply (ii) to obtain P} = {0} hence Pa = P}. 

(iv) Obviously, the map Ag — Bg is injective, so we may identify Ag with a subring 
of Bg. If b/s € Bg and b satisfies a monic equation b”+.a,b"-!+...+a, =0,a; € A, 
then b/s satisfies the monic equation (b/s)” + (a1/s)(b/s)""! +... + (an/s”) = 0 
with coefficients in Ag. 

(v) If IB = B, then we can write 1 = a1bı +...+ anbn for some b; € B,a; € I. 
Let 11,...,2m be a set of generators of B considered as A-module. Multiplying both 
sides of the previous equality x; and expressing x;bj as a linear combination of the x;’s 
with coefficients in A we can write 


n 


i= X aij£j i =1,...,n_ for some aj; € I. 
j=1 
Thus, the vector x = (£1,..., £n) € B” is a solution of a system of linear equations 


(M — In)x = 0 where M = (aij). Let D = det(M — Ik). As in the proof of Lemma 
10.1, we get D? = 0. Clearly 


D = det(M — Ip) = (-1)¥ +q(-1)* 14+... + ck 





where c;, being polynomials in a;;, belong to J. Squaring the previous equality, we 
express 1 as a linear combination of the products c;c;. This shows that 1 € I. This 
contradiction proves the assertion. 

(vi) We know that the ideal 


P' = PAp = {a/b € Ap,a € P} 


is maximal in Ap. In fact, any element from its complement is obviously invertible. 
Let B' = Bg, where S = A \ P. Then B’ is integral over A’ = Ap and, by (v), 
the ideal P’B’ is proper. Let m be a maximal ideal containing it. Then mN A’ = P’ 
because it contains the maximal ideal P’. Now it is easy to see that the pre-image of 
m under the canonical homomorphism B — Bg is a prime ideal of B cutting out the 
ideal P in A. 














Definition 10.2. A regular map f : X — Y of affine algebraic k-sets is said to be 
finite if f* : O(Y) + O(X) is injective and O(X) is integral over f*(O(Y)). A 
regular map f : X — Y of quasi-projective algebraic k-sets is said to be finite if for 
every point y € Y there exists an affine open neighborhood V of y such that f—!(V) 
is affine and the restriction map f~'(V) — V is finite. 


Note that if f : X — Y is a map of affine sets, then f* : O(Y) > O(X) is 
injective if and only if f(X) is dense in Y. Indeed, if f*(¢) = 0 then f(X) c {y € 
Y : (y) = 0} which is a closed subset. Conversely, if f(X) is contained in a closed 
subset Z of Y then for every function ¢ € I(Z) we have f*(¢) = 0. 
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Example 10.4. 1. Let X = {(2,y) € K? : y = 27} C A?(K) and Y = A! (K). 
Consider the projection map f : X —> Y, (x,y) +> y. Then f is finite. Indeed, O(X) = 
k[Z1, Z2|/(Z2 — Z?), O(Y) S k|Z2] and f* is the composition of the natural inclusion 
k[Z2] > k[Z1, Z2] and the natural homomorphism k[Z1, Z2] > k[Z1, Z2]/(Z2 — Z?). 
Obviously, it is injective. Let z,,z2 be the images of Z, and Zə in the factor ring 
k[Z, Z2|/(Zz — Z2). Then O(X) is generated over f*(O(Y)) by one element 24. 
The latter satisfies a monic equation: 2? — f*(Z2) = 0 with coefficients in f*(O(Y)). 
As we saw in the proof of Lemma 10.1, this implies that O(X) is a finitely generated 
f*(O(Y))-module and hence O(X) is integral over f*(O(Y)). Therefore f is a finite 
map. 

2. Let ao be a projective subspace of P? (K) of dimension 0, i.e., a point (ag,..., an) 
with coordinates in k. Let X be a projective algebraic k-set in P(A) with zo ¢ X 
and let f = pre. : X + P?! (K) be the projection map. We know that Y = f(X) 
is a projective set. Let us see that f : X — Y is finite. First, by a variable change, 
we may assume that xg is given by a system of equations Tọ = ... = T,_-1 = 0 
where To, ...,Tn are homogeneous coordinates. Then f is given by (£ọ,..., £n) = 
(xo, --+,2n—1). We may assume that y € Y lies in the open subset V = YOP? 1 (K)o 
where xo # 0. Its preimage U = f-4(V) = XM PR(K)o. Since f is surjective 
f* : O(V) > O(U) is injective. Let us show that O(U) is integral over f*(O(V)). 
Let Io C k[Z1,..., Zn] be the ideal of X N P? (k)o, where Z; = T;/To,i = 1,...,n. 
Then V is given by some ideal Jo in k[Z1,...,Zn—1], and the homomorphism f* 
is induced by the natural inclusion k[Z,...,Zn—1] C k[Z1,..., Zn]. Since O(U) is 
generated over k by the cosets z; of Z; modulo the ideal Jọ we may take z,, to be 
a generator of O(U) over f*(O(V)). Let {F;(T) = O}seg be the equations defining 
X. Since zo ¢ X, the ideal generated by the polynomials F, and T;,i < n — 1, must 
contain k|T']q for some d > 0. Thus we can write 


n—1 
Tr =X AsFs +) BIT, 
i=0 


ses 


for some homogeneous polynomials As, B; € k[To,..., Tn]. Obviously, the degree of 
each B; in Tn is strictly less than d. Dividing by some Tå, i < d, and reducing modulo 
Ip we obtain that z,, satisfies a monic equation with coefficients in f*(O(V)). This 
implies that O(V) is a finitely generated f*(O(U))-module, hence is integral over 
f*(O(U)). By definition, X is finite over Y. 

3. Let A = k[Z] and B = A[Z1, Z2|/Z1Z2 — 1. Consider ¢ : A — B defined by 
the natural inclusion k[Z,] C k[Z1, Z2]. This corresponds to the projection of the 
‘hyperbola’ to the x-axis. It is clearly not surjective. Thus property (v) is not satisfied 
(take 7 = (Z,)). So, the corresponding map of affine sets is not finite (although all 
fibres are finite sets). 
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Lemma 10.5. Let X be a quasi-projective algebraic k-set, 6 € O(X) and D(¢) = 
{x € X : d(x) #0}. Then 


Proof. We know that this is true for an affine set X (see Lecture 8). Let X be 
any quasi-projective algebraic k-set. Obviously, for any open affine set U we have 
D(o|U) = UN D(¢). This shows that ¢|U N D(@) is invertible, and by taking an 
affine open cover of D(@), we conclude that ¢|D(@) is invertible. By the universal 
property of localization, this defines a homomorphism a : O(X)4 — O(D(@)). The re- 
striction homomorphism O(X) — O(U) induces the homomorphism ay : OU) si > 
O(D(¢) A U). By taking an affine open cover of X = U,U;, we obtain that all ay, 
are isomorphisms. Since every element of O(X) is uniquely determined by its restric- 
tions to each U;, and any element of O(D(@)) is determined by its restriction to each 
D(¢) N U;, we obtain that a is an isomorphism. 














Lemma 10.6. Let X and Y be two quasi-projective algebraic k-sets. Assume that Y 
is affine. Then the natural map 


MaPreg(X, Y) T Homg-aig(O(Y), O(X)), f > Ts 
is bijective. 


Proof. We know this already if X and Y are both affine. Let U be an affine open 
subset of X. By restriction of maps (resp. functions), we obtain a commutative 
diagram: 

MaPreg(X, Y) -o Homp—alg(O(Y), O(X)) 


| 


MaPreg(U, Y) E Homz—aig(O(Y), O(U)). 


Here the bottom horizontal arrow is a bijection. Thus we can invert the upper horizon- 
tal arrow as follows. Pick up an open affine cover {U;}ier of X. Take a homomorphism 
~: O(Y) > O(X), its image in Homg—alg(O (Y), O(U;)) is the composition with the 
restriction map O(X) — O(U;). It defines a regular map U; — Y. Since a regular 
map is defined on its open cover, we can reconstruct a “global” map X —> Y. It is 
easy to see that this is the needed inverse. 














Lemma 10.7. Let X be a quasi-projective algebraic k-set. Then X is affine if and 
only if O(X) is a finitely generated k-algebra which contains a finite set of elements 
i which generate the unit ideal and such that each D(@;) is affine. 
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Proof. The part ‘only if’ is obvious. Let ¢1,...,¢n E€ O(X) which generate the unit 
ideal. Then X = U,;D(¢,;). Let k[Z1,..., Zn] > O(X) be a surjective homomorphism 
of k-algebras and J be its kernel. The set of zeroes of J in A” (K) is an affine algebraic 
set X’ with O(X’) = O(X). Let f : X — X’ be the regular map corresponding by 
Lemma 10.6 to the previous isomorphism. Its restriction to D(@;) is an isomorphism 
for each i (here we use that D(¢;) is affine). Hence f is an isomorphism. 














Proposition 10.8. Let f : X — Y bea finite regular map of quasi-projective algebraic 
k-sets. The following assertions are true: 


(i) for every affine open subset U of Y, f~!(U) is affine and f : f-'(U) > U is 
finite; 
(ii) if Z is a locally closed subset of Y, then f : f-'(Z) + Z is finite; 


(iii) if f: X + Y andg:Y — Z are finite regular maps, then go f : X > Z isa 
finite regular map. 


Proof. (i) Obviously, we may assume that Y = U is affine. For any y € Y, there exists 
an open affine neighborhood V of y such that f : f~!(V) > V is a finite map of 
affine k-sets. Let d € O(V), then D(#) C V is affine and f-!(D(#)) = D(f*(#)) c 
f—(V) is affine. Moreover, the map f~!(D(¢)) + D(@) is finite (this follows from 
Lemma 10.3 (iv) and Lemma 10.5). Thus we may assume that Y is covered by affine 
open sets of the form D(#) such that f~!(D(d)) is affine and the restriction of the 
map f to f-'(D(@)) is finite. 
Now let 
X = UU, Ui = f-* (Vi) = D(F* (4), 
fi = f|Ui : Ui > V; is a finite map of affine sets. 
By Lemma 10.1, O(U;) is a finitely generated O(V;)-module. Let {wij}j=1,...n(s) be 
a set of generators of this module. Since wi; = a/f*(di)” for some a € O(X) and 
n > 0, and f*(¢ġ;) is invertible in O(U;), we may assume that wi; € O(X). For every 
~ € O(X) we may write 
n(i) . 
Ui = Y (05/ f* Gi)” Jig 
j=0 
for some b;/f*($i)" € O(U;). Since N:(Y \ D(di)) = ŒV (di) = GV (G2) = 0, 
the ideal in O(Y) generated by the ¢;'s contains 1. Thus 1 = )°, nigor® for some 
hi € O(Y), hence 
1= > roor ur” 
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and 


P= S OF (had Sf (GO = DOF (haddjwiy. 
i ij 


This shows that ¢ = 7; Cijwij for some cij € O(X), that is, {wij} is a generating 
set of the f*(O(Y))-module O(X). In particular, O(X) is integral over f*(O(Y)) 
and O(X) is an algebra of finite type over k. Since the elements f*(¢;)" generate 
the unit ideal in O(X), applying by Lemma 10.7, we obtain that X is an affine set . 

(ii) Let Z be a locally closed subset of Y. Then Z = U N Z’, where U is open and 
Z' is closed in Y. Taking an affine open cover of U and applying (i), we may assume 
that Y = U is affine and Z is a closed subset of Y. Then f~1(Z) is closed in X. 
Since X is affine f—!(Z) is affine. The restriction of f to f—!(Z) is a regular map f : 
f-'(Z) — Z of affine sets corresponding to the homomorphism of the factor-algebras 
F: OYZ) > O(X)/T(F-(Z)).. Since I(f-(Z)) = f*((Z)O(X), F is 
injective. By Lemma 10.3, the corresponding extension of algebras is integral. Thus 
f is finite. 

(iii) Applying (i), we reduce the proof to the case where X,Y and Z are affine. By 
Lemma 10.1, O(X) is finite over f*(O(Y)) and f*(O(Y)) is finite over f* (g*(O(Z))) 
(go f)*(O(Z)). Thus O(X) is finite over (g o f)*(O(Z)), hence integral over 
(g o F) (OCZ). 


Proposition 10.9. Let f : X > Y be a finite regular map of algebraic k-sets. Then 














(i) f is surjective; 
(ii) for any y € Y, the fibre f—+(y) is a finite set. 


Proof. Clearly, we may assume that X and Y are affine, B = O(X) is integral 
over A = O(Y) and @ = f* is injective. A point y € Y defines a homomorphism 
evy : A —> K whose kernel is a prime ideal p. A point x € f~'(y) corresponds 
to a homomorphism ev, : B — K of k-algebras such that its composition with 
@ is equal to ev}. By Lemma 10.3 (vi), there exists a prime ideal P in B such 
that ¢ '(P) = p. Let Q(B/P) be the field of fractions of the quotient ring B/P 
and Q(A/p) be the field of fractions of the ring A/p. Since B is integral over A, 
the homomorphism ¢ defines an algebraic extension Q(B/P)/Q(A/p) (Lemma 10.3 
(iv)). Since K is algebraically closed, there exists a homomorphism Q(B/P) > K 
which extends the natural homomorphism Q(A/p) — K defined by the injective 
homomorphism A/p — K induced by ev,. The composition of the restriction of the 
homomorphism Q(B/P) —> K to B/P and the factor map B + B/P defines a point 
x € f—'(y). This proves the surjectivity of f. 

Note that the field extension Q(B/P)/Q(A/p) is finite (since it is algebraic and 
Q(B/P) is a finitely generated algebra over Q(A/p). It is known from the theory 


91 


of field extensions that the number of homomorphisms Q(B/P) —> K extending the 
homomorphism A/p — K is equal to the separable degree [Q(B/P) : Q(A/p)|s of 
the extension Q(B/P)/Q(A/(p)). It follows from the previous arguments that the 
number of points in f—'(y) is equal to the sum 


> [Q(B/P) : Q(A/p)]s. 


P:6-1(P)=p 


So it suffices to show that the number of prime ideals P C B such that ¢ '(P) =p 
is finite. It follows from Lemma 10.3 (iii) that the set of such prime ideals is equal 
to the set of irreducible components of the closed subset of X defined by the proper 
ideal pB. We know that the number of irreducible components of an affine k-set is 
finite. This proves the second assertion. 














Theorem 10.10. Let X be a projective (resp. affine) irreducible algebraic k-set. 
Assume that k is an infinite field. Then there exists a finite regular map f : X > 
Pi (KK) (resp. AZ (K)). 


Proof. Assume first that X is projective. Let X be a closed subset of some P} (K). 
If X = P}(K), we take for f the identity map. So we may assume that X is a 
proper closed subset. Since k is infinite, we can find a point x € Py(k) \ X. Let 
Dy : X > P-1(K) be the linear projection from the point x. We know from the 
previous examples that ps : X — pr(X) is a finite k-map. If p,(X) = Py '(K), we 
are done. Otherwise, we take a point outside p(X) and project from it. Finally, we 
obtain a finite map (composition of finite maps) X —> P} (K) for some n. 

Assume that X is affine. Then, we replace X by an isomorphic set lying as a closed 
subset of P} (K)o of some P? (K). Let X be the closure of X in P? (K). Projecting 
from a point z € P} (K)\ (XUP? (K)o), we define a finite map X > Pi-'(K). Since 
one of the equations defining x can be taken to be Tọ = 0, the image of Pr (K)o is 
contained in P'(K)o. Thus the image of X is contained in Pi '(K)o = Ay '(K). 
Continuing as in the projective case, we prove the theorem. 














The next corollary is called the Noether Normalization theorem. Together with the 
two Hilbert’s theorems (Basis and Nullstellensatz) these three theorems were known 
as “the three whales of algebraic geometry.” 


Corollary 10.11. Let A be a finitely generated algebra over a field k. Then A is 
isomorphic to an integral extension of the polynomial algebra k{Z1,..., Zn]. 


Proof. Find an affine algebraic set X with O(X) = A and apply the previous theorem. 
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Problems. 
1. Decide whether the following maps f : X — Y are finite: 


(a) Y = V(Z? — Z3) be the cuspidal cubic, X = Al, f is defined by the formula 
a > (x3, 27); 


(b) X =Y = A?, f is defined by the formula (x, y) > (xy, y). 


2. Let f : X — Y bea finite map. Show that the image of any closed subset of X is 
closed in Y. 


3. Let f : X — Y and g : X’ — Y’ be two finite regular maps. Prove that the 
Cartesian product map f x g: X x X! =Y x Y” is a finite regular map. 


4. Give an example of a surjective regular map with finite fibres which is not finite. 


5. Let A be an integral domain, Q be its field of fractions. The integral closure A of 
A in Q is called the normalization of A. A normal ring is a ring A such that A = A. 


(a) Prove that A is a normal ring; 


(b) Prove that the normalization of the ring k[Z1, Z2]/(Z? — Z3(Z2 +1)) is isomor- 
phic to k|T]; 


(c) Show that k[Z1, Z2, Z3]/(Z1Z2 — ZŽ) is a normal ring. 


6. Let B = k[Z1, Z2]/(Z1Z2 + Z2 + 1). Find a subring A of B isomorphic to a ring 
of polynomials such that B is finite over A. 


Lecture 11 


Dimension 


In this lecture we give a definition of the dimension of an algebraic (= quasi-projective 
algebraic) k-set. Recall that the dimension of a linear space L can be defined by : 





dimL = sup{r : 3 a strictly decreasing chain of linear subspaces Lp D Ly D... D Lp}. 
The dimension of algebraic sets is defined in a very similar way: 


Definition 11.1. Let X be a non-empty topological space. Its Krull dimension is 
defined to be equal to 


dimX = sup{r: da chain Zo D Z1 D ... D Z, Æ Q of closed irreducible subsets of X}. 





By definition the dimension of the empty set is equal to —oo. 
The dimension of an algebraic k-set X is the Krull dimension of the corresponding 
topological space. 


Example 11.1. dimA;(K) = 1. Indeed, the only proper closed irreducible subset is 
a finite set defined by an irreducible polynomial with coefficients in k. It does not 
contain any proper closed irreducible subsets. 


Proposition 11.2. (General properties of dimension). Let X be a topological space. 
Then 


(i) dim X = 0 if X is a non-empty Hausdorff space; 


(ii) dim X = sup{dim X;,i € I}, where X;,i € I, are irreducible components of 


$ 


(iii) dim X > dimY if Y C X, the strict inequality takes place if none of the 
irreducible components of the closure of Y is an irreducible component of X ; 
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(iv) if X is covered by a family of open subsets U;, then dim X is equal to sup, Uj. 


Proof. (i) In a non-empty Hausdorff space a point is the only closed irreducible subset. 

(ii) Let Zo D Zi D... D Z, be a strictly decreasing chain of irreducible closed 
subsets of X. Then Zo = Ujer(ZoM Xj) is the union of closed subsets Zo N X;. Since 
Zo is irreducible, Zo N X; = Zo for some Xj, i.e., Zo C Xi. Thus the above chain is 
a chain of irreducible closed subsets in X; and r < dim X;. 

(iii) Let Zo D Z1 D... D Zr be a strictly decreasing chain of irreducible closed 
subsets of Y, then the chain of the closures Z; of Z; in X of these sets is a strictly 
decreasing chain of irreducible closed subsets of X. As we saw in the proof of (ii) all 
Zi are contained in some irreducible component X; of X. If this component is a not 
an irreducible component of the closure of Y, then X; D Zo and we can add it to the 
chain to obtain that dim X > dimY. 














(iv) Left to the reader. 


Proposition 11.3. An algebraic k-set X is of dimension 0 if and only if it is a finite 
set. 


Proof. By Proposition 11.2 (ii) we may assume that X is irreducible. Suppose 
dim X = 0. Take a point x € X and consider its closure Z in the Zariski k-topology. It 
is an irreducible closed subset which does not contain proper closed subsets (if it does, 
we find a proper closed irreducible subset of Z). Since dim X = 0, we get Z = X. We 
want to show that X is finite. By taking an affine open cover, we may assume that X is 
affine. Now O(X) is isomorphic to a quotient of polynomial algebra k[Z1,..., Z,]/I. 
Since X does not contain proper closed subsets J must be a maximal ideal. As we saw 
in the proof of the Nullstellensatz this implies that O(.X) is a finite field extension of k. 
Every point of X is defined by a homomorphism O(X) — K. Since K is algebraically 
closed there is only a finite number of homomorphisms O(X) > K. Thus X is a 
finite set (of cardinality equal to the separable degree of the extension O(.X)/k). 
Conversely, if X is a finite irreducible set, then X is a finite union of the closures 
of its points. By irreducibility it is equal to the closure of any of its points. Clearly it 
does not contain proper closed subsets, hence dim X = 0. 














Definition 11.2. For every commutative ring A its Krull dimension is defined by 





dim A = sup{r : J strictly increasing chain Po C ... C Pk of proper prime ideals in A} 


Proposition 11.4. Let X be an affine algebraic k-set and A = O(X) be the k-algebra 
of regular functions on X. Then 


dim X = dim A. 
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Proof. Obviously, follows from the existence of the natural correspondence between 
closed irreducible subsets of X and prime ideals in O(X) = A. 














Recall that a finite subset {21,...,2,} of a commutative algebra A over a field 
k is said to be algebraically dependent (resp. independent) over k if there exists 
(resp. does not exist) a non-zero polynomial F(Z1,..., Zk) € k[Z1,...,Z%] such that 
F(ax1,...,2%) = 0. The algebraic dimension of A over k is the maximal number of 
algebraically independent elements over k in A if it is defined and oo otherwise. We 
will denote it by alg.dim,,A. 


Lemma 11.5. Let A be a k-algebra without zero divisors and Q(A) be the field of 
fractions of A. Then 


(i) alg.dim;,Q(A) = alg.dim;,A; 
(ii) alg.dim,A > dim A. 


Proof. (i) Obviously, alg.dim,A < alg.dim,Q(A). If 21,...,2, are algebraically in- 
dependent elements in Q(A) we can write them in the form a;/s, where a; E€ A,i = 
1,...,7, and s € A. Consider the subfield Q’ of Q(A) generated by a1,...,a@,,8. Since 
Q' contains 71,...,2,,8, alg.dim,Q’ > r. If a,,...,a, are algebraically dependent, 
then Q’ is an algebraic extension of the subfield Q” generated by s and a,...,a, with 
some aj, say ar, omitted. Since alg.dim,Q! = alg.dim,Q”, we find r algebraically in- 
dependent elements a1,...,@,—1, s in A. This shows that alg.dim;,@Q(A) < alg.dim,A. 

(ii) Let P be a prime ideal in A. Let %1,...,%, be algebraically independent 
elements over k in the factor ring A/P and let x1,...,2, be their representatives in A. 
We claim that for every nonzero x € P the set x1, .. . , £y, £ is algebraically independent 
over k. This shows that alg.dim, A > alg.dim;A/P and clearly proves the statement. 
Assume that z1,..., £r, xz are algebraically dependent. Then F'(x1,...,2;,x2) = 0 for 
some polynomial F € k[Z1,..., Zn+1]\ {0}. We can write F as a polynomial in Zn+1 
with coefficients in k[Z,,...,Z,]. Then 


PGi Sa hE) = ao(£1,..., Er)” +... ORs eye + an(z1,..., £r) = 0, 


where a; € k|Z1,..., Zn]. Canceling by x, if needed, we may assume that an 4 0 
(here we use that A does not have zero divisors). Passing to the factor ring A/P, we 
obtain the equality 


n 
na E E 8" ri ma E cs we) 0, 
i=0 
which shows that %1,...,Z, are algebraically dependent. This contradiction proves 











the claim. 
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Proposition 11.6. 
dim Ay (K) = dim P”(K) =n. 


Proof. Since P”(K) is covered by affine sets isomorphic to A? (K), the equality 
dim AZ (K) = dim P”(K) follows from Proposition 11.2. By Proposition 11.4, we 
have to check that dimk[Z),..., Zn] = n. Obviously, 
(0) C (21) C (Z1, Z2) C... C (Zis... Zn) 
is a strictly increasing chain of proper prime ideals of k|Z1,..., Zn]. This shows that 
dim k|Z1,..., Zn] 2 n. 
By Lemma 11.5, 


alg.dim;k|Z1, ..., Zn] =aledimgh( 2155525 Zn) = n > dim k|Z1,..., Zn] 2n. 











This proves the assertion. 





Lemma 11.7. Let B a k-algebra which is integral over its subalgebra A. Then 
dim A = dim B. 


Proof. For every strictly increasing chain of proper prime ideals Po C ... C Pk in B, 
we have a strictly increasing chain Pon A C ... C Pk N A of proper prime ideals in A 
(Lemma 10.3 (iii) from Lecture 10). This shows that dim B < dim A. 

Now let Po C ... C Px be a strictly increasing chain of prime ideals in A. By 
Lemma 10.3 from Lecture 10, we can find a prime ideal Qo in B with Qo N A = Po. 
Let A = A/Po, B = B/Qo, the canonical injective homomorphism A —> B is an 
integral extension. Applying Lemma 11.5 again we find a prime ideal Q; in B which 
cuts out in A the image of P1. Lifting Q; to a prime ideal Q; in B we find Q1 D Qo 
and Qı N A = Pi. Continuing in this way we find a strictly increasing chain of prime 
ideals Op D Qı D... D Qk in B. This checks that dim B > dim A and proves the 
assertion. 














Theorem 11.8. Let A be a finitely generated k-algebra without zero divisors. Then 
dim A = alg.dim, A = alg.dim,Q(A). 


In particular, if X is an irreducible affine algebraic k-set and R(X) is its field of rational 
functions, then 
dim X = alg.dim,O(X) = alg.dim, R(X). 
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Proof. By Noether’s Normalization Theorem from Lecture 10, A is integral over its 
subalgebra isomorphic to k{Z1,...,Z,]. Passing to the localization with respect 
to the multiplicative set S = k|Z1,..., Zn] \ {0}, we obtain an integral extension 
k(Z1,...,Zn) 4 Ag. Since k(Z1,..., Zn) is a field, and A is a domain, Ag must be 
a field equal to its field of fractions Q(A). The field extension k(Z1,..., Zn) > Q(A) 
is algebraic. Applying Lemmas 11.5 and 11.7, we get 


alg.dim,A > dim A = dimk/Z,..., Zn] = alg.dim,k(Z1,..., Zn) 


= alg.dim;,,Q(A) = alg.dim,,A. 











This proves the assertion. 





So we see that for irreducible affine algebraic sets the following equalities hold: 
dim X = dim O(X) = alg.dim,,O(X) = alg.dim, R(X) =n 


where n is defined by the existence of a finite map X — A? (K). 
Note that, since algebraic dimension does not change under algebraic extensions, 
we obtain 


Corollary 11.9. Let X be an affine algebraic k-set and let X’ be the same set con- 
sidered as an algebraic k'-set for some algebraic extension k’ of k. Then 


dim X = dim X’. 
To extend the previous results to arbitrary algebraic sets X, we will show that for 
every dense open affine subset U C X 
dim U = dim X. (11.1) 


If X is an affine irreducible set, and U = D(@) for some ¢ € O(X), then it is easy 
to see. We have 


dim D(¢) = dim O(U)[4] = alg-dim, Q(O(U)[§]) (11.2) 
= alg.dim, Q(O(U)) = dim U. 


It follows from this equality that any two affine sets have the same dimension 
(because they contains a common subset of the form D(¢@)). 
To prove equality (11.1) in the general case we need the following. 


Theorem 11.10. (Geometric Krull’s Hauptidealsatz). Let X be an affine irreducible 
algebraic k-set of dimension n and let ¢ be a non-invertible and non-zero element 
of O(X). Then every irreducible component of the set V() of zeroes of ọ is of 
dimension n — 1. 
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To prove this theorem we shall need two lemmas. 


Lemma 11.11. Let B be a domain which is integral over A = k|Z1,..., Zr], and let 
ax and y be coprime elements of A. Assume that x|uy for some u € B. Then x|u’ for 
some j. 


Proof. Let uy = xz for some z € B. Since z is integral over Q(A) its minimal monic 
polynomial over Q(A) has coefficients from A. This follows from the Gauss Lemma 
(if F(T) € Q(A)[T] divides a monic polynomial G(T) € A[T] then F(T) € A[T)). 
Let 

F(T) =T” + a,T" 1+... +a, = 0,0; € A, 


be a minimal monic polynomial of z. Plugging z = uy/x into the equation, we obtain 
that u satisfies a monic equation: 


F(TY =T" eager +... + (anz”/y”)=0 


with coefficients in the field Q(A). If u satisfies an equation of smaller degree over 
Q(A), after plugging in u = xz/y, we find that z satisfies an equation of degree 
smaller than n. This is impossible by the choice of F(T). Thus F(T} is a minimal 
polynomial of u. Since u is integral over A, the coefficients of F(T’)! belong to A. 
Therefore, y'|a;a", and, since x and y are coprime, y’|a;. This implies that u” +zt = 0 
for some t € A, and therefore z|u”. 














Lemma 11.12. Assume k is infinite. Let X be an irreducible affine k-set, and let @ bea 
non-zero and non-invertible element in O(X). There exist $1,...,¢n—1 E€ O(X) such 
that the map X —> AĻ(K) defined by the formula x — (¢(x), ¢1(x),-..,dn—1(a)) is 
a regular finite map. 


Proof. Replacing X by an isomorphic set, we may assume that X is a closed subset of 
some P?"(K)o, and ¢ = F (To, .. .,Tm)/TE for some homogeneous polynomial F(T) 
of degree d > 0 not divisible by Zp. Let X be the closure of X in Pi"(K). 

Let F\(T) be a homogeneous polynomial of degree d which does not vanish iden- 
tically on any irreducible component of X NV (Tọ). One constructs F(T’) by choosing 
a point in each component and a linear homogeneous form L not vanishing at each 
point (here where we use the assumption that k is infinite) and then taking F; = L?. 
Then 

dim X NV(To) A V(F) A V(F1) < dim X NV(F)N V (To) 


Continuing in this way we find n — 1 homogeneous polynomials Fi(T),..., Fa-1(T) 
of degree d such that 


XNAV(TIn)NV(F)NV(FL)A...AV(Fy-1) = Í. 
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Let f : X — P}(K) be the regular map given by the polynomials (T8, F, Fi,.--, Fn—1): 
We claim that it is finite. Indeed, replacing X by its image vg(X) under the Veronese 
map va : PP(K) + PN(k), we see that f is equal to the restriction of the linear 
projection map 

prg : val X) > P}(K) 
where F is the linear subspace defined by the linear forms in N + 1 unknowns cor- 
responding to the homogeneous forms TË, F, Fi,..., Fa—1. We know that the lin- 
ear projection map is finite. Obviously, f(X) C P(K)o, and the restriction map 
FIX : X > Pi(K)o = A} (K), defined by the formula 


F Fi 


F(a), 24a), 
qr Ea 


t d 
To 





x — ( (x); (x)) = (O(a), O1(@), +++, On—1(#)) 











is finite. 





Proof of Krull’s Hauptidealsatz: 

Let f : X — A”(K) be the finite map constructed in the previous lemma. It 
suffices to show that the restrictions ġ; of the functions ¢;(i = 1,...,n — 1) to any 
irreducible component Y of V(@) are algebraically independent elements of the ring 
O(Y) (since dim Y = alg.dim,O(Y)). Let F € k[Z1,..., Zn—1] \ {0} be such that 
F(¢1,..-;¢@n—1) E€ I(Y). Choosing a function g ¢ I(Y) vanishing on the remaining 
irreducible components of V(@), we obtain that 


V(F(O1,--+,¢n—-1)9) D V(). 


By the Nullstellensatz, ¢|(F(¢1,---,¢n—1)g)% for some N > 0. Now, we can apply 
Lemma 11.11. Identifying k[Z,,...,Zp—1, Zn] with the subring of O(X) by means 
of f*, we see that @ = Zn, F(@1,:..,@n—-1) = F(Z1,..., Zn), and Zai|FX gq in 
O(X). From Lemma 11.11 we deduce that Z,|g/ for some j > 0, i.e., g = 0 on 
V(@) contradicting the choice of g. This proves the assertion. 


Theorem 11.13. Let X be an algebraic set and U be a dense open subset of X. 
Then 
dim X = dim U. 


Proof. Obviously, we may assume that X is irreducible and U is its open subset. First 
let us show that all affine open subsets of X have the same dimension. For this it is 
enough to show that dim U = dim V if V C U are affine open subsets. Indeed, we 
know that for every pair U and U’ of open affine subsets of X we can find an affine non- 
empty subset W C UNU’. Then the above will prove that dim W = dim U, dim W = 
dim U’. Assume U is affine, we can find an open non-empty subset D(¢) CV C U, 
where ọ € O(U) \ O(U)*. Applying (11.2), we get dim U = dim D(¢). This shows 
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that all open non-empty affine subsets of X have the same dimension. Let Zo D 
Zı D... D Zn be a maximal decreasing chain of closed irreducible subsets of X, i.e., 
n = dim X. Take x € Zn and let U be any open affine neighborhood of x. Then 


M0 SAN 352.52, fi 40 


is a decreasing chain of closed irreducible subsets of U (note that Z;NU 4 Z;NU for 
i > j since otherwise Zj = Z; U (Z; N (X — U)) is the union of two closed subsets). 
Thus dimU > dim X, and Proposition 11.2 implies that dim U = dim X. This proves 
that for every affine open subset U of X we have dim U = dim X. Finally, if U is any 
open subset, we find an affine subset V C U and observe that 


n = dim V < dimU < dim X =n 











which implies that dim U = dim X. 





Corollary 11.14. Let f : X — Y bea finite map of irreducible algebraic k-sets. Then 
dim X = dim Y. 


Proof. Take any open affine subset U of Y. Then V = f-t(U) is affine and 
the restriction map V —> U is finite. By Lemma 11.7, dimU = dim V. Hence 
dim f1 (Y) = dim V = dim U = dim Y;. 














Theorem 11.15. Let F be a homogeneous polynomial not vanishing identically on 
an irreducible quasi-projective set X in P}(K) and Y be an irreducible component of 
X AQV(F), then, either Y is empty, or 


dim Y = dim X — 1. 


Proof. Assume Y # J). Let y € Y and U be an open affine subset of X containing 
y. Then Y MU is an open subset of Y, hence dim Y N U = dimY. Replacing U 
with a smaller subset, we may assume that U C P” (k); for some i. Then F defines a 
regular function ¢ = F/T!,r = deg(F), on U, and Y AU =V(¢) CU. By Krull’s 
Hauptidealsatz, dim Y N U = dimU — 1. Hence 


dim Y = dim Y NU = dim U — 1 = dim X — 1. 














Corollary 11.16. Let X be a quasi-projective algebraic k-set in P}(K), Fi,..., F, € 
k|To, . . . , Tn] be homogeneous polynomials, 


Y=XNV((Fi,... ED) HAV Ga) An... VG) 


101 


be the set of its common zeroes and Z be an irreducible component of this set. Then, 
either Z is empty, or 
dim Z > dim X — r. 


The equality takes place if and only if for every i = 1,...,r the polynomial F; does 
not vanish identically on any irreducible component of X VV(Fi)N... AV (Fj-1). 


Corollary 11.17. Every r < n homogeneous equations in n + 1 unknowns have a 
common solution over an algebraically closed field. Moreover, ifr < n, then the 
number of solutions is infinite. 


Proof. Apply the previous Corollary to X = P? and use that an algebraic set is finite 
if and only if it is of dimension 0 (Proposition 11.3). 














Example 11.18. Let C = v3(P!(K)) be a twisted cubic in P?(K’). We know that C 
is given by three equations: 


Fi = Dh — T? = 0, R = ToT3 — Ti To = 0, Fy = TT — T? = 0. 


We have V(F,) NV (Fo) = CU L, where L is the line Ty = Tı = 0. At this point, we 
see that each irreducible component of V (Ff) V (F2) has exactly dimension 1 = 3—2. 
However, V(F3) contains C and cuts out L in a subset of C. Hence, every irreducible 
component of V (F1) N V(F2) A V(F3) is of the same dimension 1. 


Theorem 11.19. (On dimension of fibres). Let f : X — Y be a regular surjective 
map of irreducible algebraic sets, m = dim X,n = dim Y. Then 


(i) for any y € Y and an irreducible component F of the fibre f~'(y), dim F > 
m-n; 


(ii) there exists a nonempty open subset V of Y such that, for any y E V, 
dim f~'(y) = m-n. 


Proof. Let x € f~+(y). Replacing X with an open affine neighborhood of x, and 
same for y, we assume that X and Y are affine. Let ọ : Y —> A” (K) be a finite map 
and f’ = ġo f. Applying Proposition 10.9 from Lecture 10 we obtain that, for any 
z € A"(K), the fibre f’~1(z) is equal to a finite disjoint union of the fibres f—'(y) 
where y € @ !(z). Since dimY =n, we may assume that Y = A”(K). 

(i) Each point y = (a1,..., an) E€ A”(K) is given by n equations Z; —a; = 0. The 
fibre f—'(y) is given by n equations f*(Z;—a;) = 0. Applying Krull’s Hauptidealsatz, 
we obtain (i). 

(ii) Since f is surjective, f* : O(Y) — O(X) is injective, hence defines an ex- 
tension of fields of rational functions f* : R(Y) —> R(X). By the theory of finitely 
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generated field extensions, L = R(X) is an algebraic extension of a purely transcen- 
dental extension K’ = R(Y)(z1,...,2,) of K = R(Y). Clearly, 


m = alg.dimR(X) = alg.dimR(Y) +r =n +r. 


Let ¢ : X— > Y x A"(K) be a rational map of affine sets corresponding to the 
extension L/K'. We may replace again X and Y by open affine subsets to assume 
that @ is regular. Let O(X) be generated by u1,..., uy as a k-algebra. We know 
that every u; satisfies an algebraic equation agul +... + aq = 0 with coefficients in 
K' = R(Y xA" (K)). Replacing Y x A”(K) by an open subset U; we may assume that 
all a; € O(U) and ap is invertible (throwing away the closed subset of zeroes of ag). 
Taking the intersection U of all U;’s, we may assume that all u; satisfy monic equations 
with coefficients in O(U). Thus O(X) is integral over O(U) hence 6: X — U is 
a finite map. Let p: Y x A"(K) — Y be the first projection. The corresponding 
extension of fields K’/K is defined by p*. Since p is surjective, p(U) is a dense subset 
of Y. Let us show that p(U) contains an open subset of Y. We may replace U by 
a subset of the form D(F) where F = F'(Y1,..., Yn, Z21,...,Zr) E€ O(Y x A"(K)). 
Write F = >, FZ as a sum of monomials in Z1,...,Z,. For every y € Y such 
that not all F;(y) = 0, we obtain non-zero polynomial in Z, hence we can find a 
point z E€ A” (K) such that F'(y, z) #0. This shows that p(D(F’)) D UD(F;), hence 
the assertion follows. Let V be an open subset contained in p(U). Replacing U by 
an open subset contained in p~'(V), we obtain a regular map p : U —> V and the 
commutative triangle: 





The fibres of p are open subsets of fibres of the projection Y x A” (K) —> A" (K) which 
are affine n-spaces. The map ¢: @~!(U) — U is finite as a restriction of a finite map 
over an open subset. Its restriction over the closed subset p~!(y) is a finite map too. 
Hence ¢ defines a finite map f!(y) + p-‘(y) and 


dim f~'(y) = dimp ™t (y) =r=m-—n. 














The theorem is proven. 
Corollary 11.20. Let X and Y be irreducible algebraic sets. Then 


dim X x Y = dim X + dim Y. 











Proof. Consider the projection X x Y — Y and apply the Theorem. 
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Theorem 11.21. Let X and Y be irreducible quasi-projective subsets of P”(K). For 
every irreducible component Z of X QY 


dim Z > dim X + dim Y — n. 


Proof. Replacing X and Y by its open affine subsets, we may assume that X and Y 
are closed subsets of A” (K). Let A : A” (K) > A” (K) x A” (Kx) be the diagonal map. 
Then A maps X AY isomorphically onto (X x Y) N Aan(x), where Agncxy is the 
diagonal of A” (K). However, Agni) is the set of common zeroes of n polynomials 
Zi — Z; where Z1,..., Zp, are coordinates in the first factor and Z},..., Zp are the 
same for the second factor. Thus we may apply Theorem 11.10 n times to obtain 


dim Z > dim X x Y — n. 














It remains to apply the previous corollary. 


We define the codimension codim Y (or codim (Y, X) to be precise) of a subspace 
Y of a topological space X as dim X — dim Y. The previous theorem can be stated 
in these terms as 


codim (X N Y, P”(K)) < codim (X, P”(K)) + codim (Y, P”(K)). 
In this way it can be stated for the intersection of any number of subsets. 


Problems. 


1. Give an example of 
(a) a topological space X and its dense open subset U such that dim U < dim X; 


(b) a surjective continuous map f : X — Y of topological spaces with dim X < 
dimY; 


(c) a Noetherian topological space of infinite dimension. 


2. Prove that every closed irreducible subset of P” (K) or A” (K) of codimension 1 is 
the set of zeroes of one irreducible polynomial. 


3. Let us identify the space K”” with the space of matrices of size m x n with entries 
in K. Let X’ be the subset of matrices of rank < m — 1 where m < n. Show that 
the image of X’ \ {0} in the projective space P”™—1(K) is an irreducible projective 
set of codimension n — m + 1. 

4. Show that for every irreducible closed subset Z of an irreducible algebraic set X 
there exists a chain of n = dim X + 1 strictly decreasing closed irreducible subsets 
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containing Z as its member. Define codimension of an irreducible closed subset Z of 
an irreducible algebraic set X as 





codim (Y, X) = max{k : da chain of closed irreducible subsets Z = Zo C Z1 C... C Zk}. 


Prove that dim Y + codim (Y, X) = dim X. In particular, our definition agrees with 
the one given at the end of this lecture. 

5. A subset V of a topological space X is called constructible if it is equal to a disjoint 
union of finitely many locally closed subsets. Using the proof of Theorem 11.19 show 
that the image f(V) of a constructible subset V C X under a regular map f : X > Y 
of quasi-projective sets contains a non-empty open subset of its closure in Y. Using 
this show that f(V) is constructible (Chevalley’s theorem). 

6*. Let X be an irreducible projective curve in P”(K), where k = K, and E = 
V (aoTo +... + anThn) be a linear hyperplane. Show that Æ intersects X at the same 
number of distinct points if the coefficients (ag,...,@n) belong to a certain Zariski 
open subset of the space of the coefficients. This number is called the degree of X. 


7*. Show that the degree of the Veronese curve v, (Pt(K)) c P"(K) is equal to r. 


8*. Generalize Bezout’s Theorem by proving that the set of solution of n homogeneous 
equations of degree d,,...,d,, is either infinite or consists of d,---d,, points taken 
with appropriate multiplicities. 


Lecture 12 


Lines on hypersurfaces 


In this lecture we shall give an application of the theory of dimension. Consider the 
following problem. Let X = V(F) be a projective hypersurface of degree d = degF 
in P”(K). Does it contain a linear subspace of given dimension, and if it does, 
how many? Consider the simplest case when d = 2 (the case d = 1 is obviously 
trivial). Then F is a quadratic form in n + 1 variables. Let us assume for simplicity 
that char( K) # 2. Then a linear m-dimensional subspace of dimension in V(F) 
corresponds to a vector subspace L of dimension m + 1 in K”*! contained in the set 
of zeroes of F in K"+!. This is an isotropic subspace of the quadratic form F. From 
the theory of quadratic forms we know that each isotropic subspace is contained in 
a maximal isotropic subspace of dimension n + 1 — r + [r/2], where r is the rank of 
F. Thus V(F) contains linear subspaces of dimension < n — r + [r/2] but does not 
contain linear subspaces of larger dimension. For example, if n = 3, and r = 4, X is 
isomorphic to V (ToTiı — T2T3). For every A, u € K, we have a line L(A, p) given by 
the equations 
ATo + uT = 0, pT, + AT3 = 0, 


or a line M(A, p) given by the equation 
M(A, u) : ATo + uT = 0, uT + Ah = 0. 


It is clear that L(A, u) O L(V, w) = Ø (resp. MA, u) O M(X, u) Æ 0) if and 
only if (A, u) 4 (X', u’) as points in PH(K). On the hand L(A, p) A M(X’, u’) is one 
point always. Under an isomorphism V (F) S P!(K) x P'(K), the two families of lines 
L(A, u) and M(A, p) correspond to the fibres of the two projections P!(K) x P!(K) > 
P'(K). 

Another example is the Fermat hypersurface of V (F) C P?(K) of degree d, where 





F =T +T} +T} +T. 
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Since 
d 


TETI = [[E +T) 


s=1 


where p is a primitive d-th root of —1, we see that V (F) contains 3d? lines. Each one 
is defined by the equations of the type: 


Ti + pT; =0, Tk + øT, = 0, 


where {i, j, k,l} = {0,1,2,3}. In particular, when d = 3, we obtain 27 lines. As we 
shall see in this Lecture, “almost every” cubic surface contains exactly 27 lines. On 
the other hand if d > 4, “almost no” surface contains a line. 

To solve our problems, we first parametrize the set of linear r-dimension al sub- 
spaces of of P” (K) by some projective algebraic set. This is based on the classic 
construction of the Grassmann variety. 

Let V be a vector space of dimension n + 1 over a field K and let L be its linear 
subspace of dimension r + 1. Then the exterior product /\"*'(L) can be identified 
with a one-dimensional subspace of AT! (V), i.e., with a point [L] of the projective 
space p(/\""'(V)) = A"*'(V) \ {0}/K*. In coordinates, if e1,...,€n41 is a basis of 
V, and fi,..., fr41 is a basis of L, then A"T!(L) is spanned by one vector 


fir..-A frar = J plir,- -s tra ei Asie A Ciga: 
1<ii<...<ir+1 n+l 





n+1 
If we order the vectors e;, A... A €;,,, we may identify NTT (V) with KEH), then 
the coordinate vector of the point [L] in pA"! (V)) & prs 





1K) is the vector 
(...,plti,.--,¢r4ai],---). The coordinates pli1,...,%,41] are called the Plücker coor- 
dinates of L. If we denote by M(L) the matrix of size (r + 1) x (n +1) with the 
j-th row formed by the coordinates of fj with respect to the basis (€9,...,€n41), then 
plia, ...,ir41] is equal to the maximal size minor of M(L) composed of the columns 
Ais; Sues yigi 

The next theorem shows that the correspondence L — [L] is a bijective map from 
the set of linear subspaces of dimension r + 1 in V to the set of K-points of a certain 


nt+1 
projective subset G(r + 1,n + 1) in pin (K), 





Theorem 12.1. The subset G(r + 1,n +1) of lines in \"*'(V) spanned by decom- 
posable (r + 1)-vectors fı A... A^ fr41 is a projective algebraic set in P(\"*'(V)) S 
pCt)-1(K), The map L —> [L] = \"*!(L) is a bijective map from the set of linear 
subspaces of V of dimension r + 1 to the set G(r + 1,n +1). 
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Proof. We use the following fact from linear algebra. For every t € A\"'!(V) let 
L(t) ={x# €V:tAx = 0}. This is a linear subspace of V. Then dim L(t) > r+1 if 
and only if t is decomposable and equal to f1 A... A fr41 for some linear independent 
vectors fi,..., fr+1 which have to form a basis of L(t). This assertion shows that the 
subspace L can be reconstructed uniquely from |L] as the subspace L(t), where t is any 
basis of [L]. Let us prove the assertion. The sufficiency is easy. If t = fi A... A fr+1 
for some basis {f1,..., fr+1} of a linear subspace of dimension r + 1, then, obviously, 
fi^... A fry Ae =0 for any z E€ L=Kf,+...+Kf,41 so that L C L(t). Since 
fi A... fr41 A£ = 0 implies that A"*?(K fi +... + K fr+1 + Kx) = 0, we obtain 
that dim(K fı +...+Kf-41+ Kx) =rt+l, hence z € Kf, +...+ fp4i1. This shows 
that L = L(t). Conversely assume dim L(t) = r+1. Let fi,... fr+1 be a set of linear 
independent vectors in L(t), and let {f1,..., fr+1, frti,---; fn4i} be an extension of 
{fi,.--,fr4i} to a basis of V. We can write 


t= y OE EEA Nese IN Jerie 


ty <...<ir+1 





It is easy to see that tA f; = 0,i = 1,..., r +1, implies ai ..i,,, = 0 for {i1,... ir41} # 
{1,...,r +1}. Hence t is proportional to fi A... A fr41. 

To see why decomposable non-zero (r + 1)-vectors define a closed subset G(r + 
1,n +1) of p(A'"'(V)) it suffices to observe that dim L(t) > r+ 1 if and only if 
rk(T;) < n— r, where T, is the linear map V —> /A\"*?(V) defined by the formula 
xım t^g. The latter condition is equivalent to vanishing of (n — r + 1)-minors of 
the matrix of T; with respect to some basis. By taking a basis e1,...,en41 of V, 
it is easy to see that the entries of the matrix of T are the Plucker coordinates of 
the space L(t). Thus we obtain that G(r + 1,n + 1) is the set of zeroes of a set of 
homogeneous polynomials of degree n — r +1. Observe that these polynomials have 
integer coefficients, so G(r + 1, + 1) is a projective k-set for any k C K. 

More generally, we can define a projective algebraic variety G(r +1,n +1) defined 
by: 





G(r +1,n+1)(K) = {direct summands of K"+! of rank r+ 1}. 
Note that a direct summand of a free module is a projective module. The operation 
of exterior power, M —> N(M) defines a morphism of projective algebraic varieties 


n+1 —1 
p: Gkr +1,n+1)—> pit) ‘ 














If r = 0 this morphism is an isomorphism. 





Definition 12.1. The projective variety G(r + 1,n + 1) is called the Grassmann 
variety over the field k. The morphism p is called the Plücker embedding of G(r + 
1,n+1). For every algebraically closed field K containing k, we shall identify the set 


n+l —1 
Gk(r +1,n + 1)(K) with the projective algebraic subset G(r + 1,n + 1) of pfta) ; 
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Proposition 12.2. The projective algebraic set G(r + 1,n +1) is an irreducible pro- 
jective set of dimension (n — r)(r + 1). 


Proof. We shall give two different proofs of this result. Each one carries some addi- 
tional information about G(r +1,n +1). In the first one we use the following obvious 
fact: the general linear group GL(n + 1, K) acts transitively on the set of (r + 1)- 
dimension al linear subspaces of K++. Moreover, the stabilizer of each such subspace 
L is isomorphic to the subgroup P of GL(n + 1, K) that consists of matrices of the 


form: 
A B 
0 Cy)’ 


where A, B,C are matrices of size (r +1) x (r +1), (r+1) x (n—1), (n—r) x (n—r), 
respectively. Let us consider GL(n +1, K) as a closed subset of K"’+1 defined by the 
equation Todet((T;;))—1 = 0. then it is clear that P is a closed subset of GL(n+1, K) 
defined by the additional equations 7;; = 0,2 =n+2-—r,...,.n+1,j =1,...,r +1. 
The dimension of P is equal to (n + 1)? — (n — r)(r +1). Next we define a surjective 
regular map of algebraic k-sets f : GL(n +1, K) > G(r +1,n+1) by the formula 
M —> M(Lo), where Lo = Kei +... + Ker41. If M = (aij), then 








M(Lo) = span{a11€1 +... H An4ti1ent+1,--+,@1r4-1e1 +... + An+ir+1} 


so that the Plucker coordinates p[i1,...,%r+1] of M(Lo) are equal to the minor of 
the matrix (aij) formed by the first r + 1 columns and the rows indexed by the set 
{i1,...,%r41}. This shows that f is a regular map from the affine k-set GL(n +1, K) 
to the projective algebraic k-set G(r + 1,n + 1). Its fibres are isomorphic to P. By 
the theorem on the dimension of fibres from Lecture 11, we obtain that 


dim G(r+1,n+1) = dim GL(n+1, K)—dim P = (n+1)?—((n4+1)?—(n—r)(r+1)) 


=(n—r)(r+1). 
Since GL(n + 1, K) is irreducible, G(r + 1,n + 1) is irreducible. 




















Now let us give another proof of this result. Choose the Plucker coordinates 
n+l —1 
p\j1,---,Jr+1] and consider the open subsets D(p|j1,..-,Jr+4i]) C p) (K). The 


intersection D(p[j1,---,Jr+1]) OG(r+1,n + 1) is equal to the set of linear subspaces 
L which admit a basis 





fi =aye1+...+ Qin+1en)+++5 fr+1 = Gr411€1 +... + ar+in+1€n, 
such that p[j1,..-,Jr+i] = det(Aj, jo...j,4,) Æ 0, where 
aiji Aljg ++ A jn sa 
A 


112..4p41 T 


QArtiji Qija +- Art djing 
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After we replace fi,..., fr4i with f{,..., flp such that 


fi = bufi t... Pi ei fra = bra ee ae ey 


where (b;;) is the inverse of the matrix Aj,;,...;,,,, We may assume that Aj,;,.4,,, IS 
the identity matrix J,41. Then we may take all (n — r)(r +1) other entries aij, j A jk 
arbitrary, and obtain that D(plii,...,i,41]) O G(r + 1,n + 1) is isomorphic to the 
affine space AED ig), Thus G(r + 1,n +1) is covered by (ti) open subsets 
isomorphic to the affine space of dimension (n — r)(r + 1). This obviously proves the 
assertion. 





Example 12.3. Let us consider the case r = 1,n = 3. Then G(2, 4) C P parametrizes 
lines in P3(K). We have six Plücker coordinates pļij],i, j = 1,2,3,4. An element 
w € N° (V) can be identified with a skew-symmetric bilinear form V* > V* > K. The 
matrix M of this bilinear form with respect to the dual basis eț, . . . , ež has entries above 
the diagonals equal to a;j, where w = J i<i<j<4 lijei^ej. The element w = f1 A fo if 
and only if the matrix is of rank < 4. In fact, take 6 € V* such that ¢( f1) = (f2) = 0. 
For any x € V* we have fi A falz, p) = x(fi)b(fo) — z(f2)¢( fi) = 0. Thus the 
bilinear form has the kernel and the matrix has zero determinant. The determinant 
of a skew-symmetric matrix is equal to the square of the Pffafian. Thus we get that 
all decomposable vectors w satisfy the condition Pf(M) = 0. The equation of the 
Pffafian of a 4 x 4 skew symmetric matrix is 


412034 — 13024 + a14423 = 0. 


Since we know already that G(2, 4) is an irreducible projective set of dimension 4, we 
obtain that it coincides with the quadric V (Q) where 


Q = p[12]p[34] — p[13]p[24] + p[14]p[23]. 
Evidently Q is a non-degenerate quadratic form. 


Remark 12.4. Let us take K = C. Consider the anti-holomorphic involution of G(2, 4) 
defined by 


(p[12], p[13], p[14], p[23], p[24], p[34]) => (p[12], —p[24], p[23], p114], —p[13], p[34)). 


Then the set of fixed points consists of points (21, z2, 73, 24, 25, 26) € P(C) such that 
21,22 E€ R, 23 = 24,25 = zę. They satisfy the equation z122 + |z3| + |z4|? = 0. 
Changing the variables 21, 22 to £1 — %2,21 + £2, and dividing by x2 (it is easy to 
see that z1, £2 cannot be equal to zero), we obtain the equation of a unit sphere in 
R°. Thus G(2,4) admits a real structure (not the standard one) such that the set of 
real points is St. The 4-dimensional sphere is a natural compactification of R4, the 
space-time. In the twistor theory of Penrose, G(2,4) is viewed as a complexification 
of the real space-time. 
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Remark 12.5. The equations for G(2, 4) given in the proof of Theorem 12.1 differ from 
the equation Q = 0. They define a non-saturated ideal of the projective variety. Any 
Grassmannian G(r + 1,n + 1) can be given by a system of equations of degree 2, so 
called the Pliicker equations. They look as follows: 


r+2 
X (-1)°pfi1, ne „ir, jsplji pos JS=1 941% see re = 0, 
s=1 
where {i1,..., ir} and {j1,...,Jr+2} are any two strictly increasing sequences of the 


set {1,...,n+ 1}. 
n+d 
We denote by Hyp(d; n) the projective space pCa). If we use Tigas 0 L 
ij, i0 +... + în = d to denote projective coordinates in this space then each K-point 


(..., Qio, ins- - -) Of this space defines the projective K-subvariety F = 0 of P where 


i = 2 Os in TE eee Ti = 0. 


tO ,-sbn 


Thus we can view K-points of the projective space p(ra*)-1 as projective hypersurfaces 
of degree d. This explains the notation. In the special case when d = 1, the space 
Hyp(1, n) is called the dual projective space of P} and is denoted by pr. Its K-points 
are in a bijective correspondence with linear subspaces of P} (K) of dimension n — 1 
(hyperplanes) . 

Now, everything is ready to solve our problem. Fix any algebraically closed field 
K. Let H = Hyp(d;n)(K) and G = G(r +1,n + 1)(K). Define 


I(r, d,n)(K) = {(X, E) € H(K) x G(K): EC X}. 


Lemma 12.6. I(r,d,n) is a closed irreducible subset of H x G of dimension equal to 
(r+ 1m—r) 4 (GE) - (CF) 1 


Proof. Let E’ denote the linear subspace of K”*! corresponding to E. Let fi,..., fr+1 
be a basis of E’, extended to a basis (f1,..., fn41) of K”*!. Any x € F' defines a 
linear form @, on A” (K”t!) given by the formula 


LAWA fr42 ^... A fayi = rlw) fir... A frst. 


In particular, if £ = Ai fı +... + Àr+1fr+1, then taking the wedge product of both 
sides with each fy A... A fi-1 A fi+1 A- -- fn4i, we obtain 


T = Prl fa^. : A fri) fi — bal fir faa. G A fry) f2+. : +(-1) "be ( fir. : A fr) Fr sets 


Let (ej,...,e%,1) be the dual basis of the canonical basis of K”*1. Writing dz = 
eee en A... A €; , we get that A; are equal to some linear combinations of the 


ip? 
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Pliicker coordinates of E’. Now plugging in (\o,..., An) into the equation of X , we 
see that I(r, d, n) is given by bi-homogeneous polynomials in the coefficients of F and 
in the Plticker coordinates of Æ. This proves that I(r,d,n) is a closed subset of the 
product H x G. Now consider the projection p : I(r,d,n) — G. For each E € G, the 
fibre p~!(E) consists of all hypersurfaces V(F’) containing Æ. Choose a coordinate 
system such that Æ is given by the equations 7,4; =... = Tn = 0. Then E C V(F) 
if and only if each monomial entering into F with non-zero coefficient contains some 
positive power of T; with i > r +1. In other words F is defined by vanishing of all 
coefficients at the monomials of degree d in the variables Tp,..., Tp. This gives (19) 


linear conditions on the coefficients of F, hence dim p™H(E) = ("44 -1 — (49). 


Let us assume that I(r, d, n) is irreducible. By the Theorem on dimension of fibres, 


dim I(r,d,n) = dim p™!(E)+dim G = (n —r)(r + 1) + oe Saye Ge: 














It remains to prove the irreducibility of I(r,d,n). Considering the projection p : 
I(r,d,n) — G, the assertion follows from the following: 


Lemma 12.7. Let f : X — Y bea surjective regular map of projective algebraic 
sets. Assume that Y is irreducible and all fibres of f are irreducible and of the same 
dimension n. Then X is irreducible. 


Proof. Let X = X1 U... U Xn be the union of irreducible closed sets. Since f is a 
map of projective sets, the images f(X;) are closed and irreducible. By assumption, 
Y is irreducible, hence the set J = {i : f(X;) = Y} is not empty. For every y € 
Y \ (Uigr f(Xi)), we have f~!(y) = Uier(XiN f7'(y)). Since f~1(y) is irreducible, 
there exists X;,i € I, such that f—'(y) C X;. Since the set J is finite, we can find 
an open subset U C Y such that f~!(y) C X; for all y € U. Let fi : X; > Y be 
the restriction of f to X;. By the Theorem on dimension of fibres, any fibre of fi is 
of dimension > n. By assumption, dim FT) > n = dim f(y). This implies 
that F) = f~'(y) for any y € Y. This certainly implies that X; = X proving the 
assertion. 














Theorem 12.8. Assume that 
E es. 


Then the subset of Hyp(d; n)(K) which consists of hypersurfaces containing a linear 
subspace of dimension r is a proper closed subset. 


112 LECTURE 12. LINES ON HYPERSURFACES 


Proof. Consider the other projection q : I(r,d,n) > H = Hyp(d;n)(k). Since 
I(r,d,n) is a projective set, its image is a closed subset of H. Suppose q is surjective. 
Then 


a-denn ("4 aie E =dim I(r,d,n) > dim H = ee =i; 














This is impossible in view of the assumption of the theorem. 


Remark 12.9. One expects that each V (F) € Hyp(d; n) contains a linear subspace of 
dimension r when (n — r)(r + 1) > ("1"). This is true if d > 2 but false if d = 2. 
For example let d = 2,n = 4. A nonsingular quadratic form in 5 variables does not 
contain isotropic subspaces of dimension 3. Hence the corresponding quadric does not 
contain planes. However, (n — r)(r +1) = 6 > (1%) = 6. 


From now on we restrict ourselves with the case n = 3 and d = 3, i.e. cubic 
surfaces in P3(K). We shall be looking for lines on cubic surfaces. In this case 
(n—r)(r+1)=6> ey) = 4, so we expect that every cubic surface has a line. As 
we saw in the previous remark it needs to be proven. 


Theorem 12.10. (i) Every cubic surface X contains a line. 


(ii) There exists an open subset U C Hyp(3;3)(K) such that any X € U contains 
exactly 27 lines. 


Proof. (i) In the notation of the proof of Theorem 12.8, it suffices to show that the 
projection map q: I(1,3,3) + Hyp(3;3)() is surjective. Suppose the image of q is 
a proper closed subset Y of Hyp(3;3)(K). Then dim Y < dim Hyp(3;3)(A’) = 19 
and dim /(1,3,3) = 19. By the theorem on dimension of fibres, we obtain that all 
fibres of q are of dimension at least one. In particular, every cubic surface containing 
a line contains infinitely many of them. But let us consider the surface X given by 
the equation 
Tit — T$ = 0. 


Suppose a line Z lies on X. Let (ao, a1,a2,a3) € L. If ao Æ 0, then a; 4 0,i Æ 0. 
On the other hand, every line hits the planes T; = 0. This shows that £ is contained 
in the plane Tọ = 0. But there are only three lines on X contained in this plane: 
T; = To = 0, i = 1,2 and 3. Therefore X contains only 3 lines. This proves the first 
assertion. 

(ii) We already know that every cubic surface X = V(F) has at least one line. 
Pick up such a line 4. Without loss of generality we may assume that it is given by 
the equation: 

To = T3 = 0. 
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As we saw in the proof of Lemma 12.6: 
F = T)Qo(To, Ti, T2, T3) + T3Q1 (Zo, Ti, T2, T3) = 0, 


where Qo and Qı are quadratic homogeneous polynomials. Each plane m containing 
the line £ is given by the equation 


AT) = uT =0 


for some scalars A, u € K. The intersection m N V (F) contains the line @ and a curve 
of degree 2 in m. More explicitly, choose coordinates tg, t1, t2 in the plane, related to 
our coordinates To, T1, T2, T3 by the formulas: 





To = to, Ti = t1, To = pte, T3 = Abo. 





Plugging these expression into F, we obtain: 


pit2Qo(to, t1, ute, At2) + At2Q1 (to, t1, te, Ate) = 0. 


This shows that r N X C a consists of the line Z with the equation t2 = 0 and the 
conic C(A, u) with the equation: 


UQo(to, t1, ute, At2) + AQ1 (to, t1, ute, Ate) = 0. 


We may also assume that the line enters with multiplicity one (since we take ‘general’ 
coeficients of F). Let 


Qo = >. aijTiTj, Qı = x bij TiT}. 


0<i<j<3 0<i<j<3 
Then C(A, p) is given by the equation: 
(paoo+àboo)tê+ (uari +Ab11 )t} + (1? (eaggt+-Abo2) +A? (44a33-+Ab33))t3+ (aor +Abo1 )totr 


+(u(uao2 + Abo2) + A(uaog + Abo3))tot2 + (H7a12 + Aubiz + HAQI3 + 7b13)tite = 0. 


Now, let us start vary the parameters À and u and see how many reducible conics 
C(A, u) we obtain. The conic C(A, p) is reducible if and only if the quadratic form 
defining it is degenerate. The condition for the latter is the vanishing of the discrimi- 
nant D of the quadratic form C(A, u). Observe that D is a homogeneous polynomial 
of degree 5 in A, u. Thus there exists a Zariski open subset of Hyp(3; 3) for which this 
determinant has 5 distinct roots (Aj, ui). Each such solution defines a plane m; which 
cut out on X the line £ and a reducible conic. The latter is the union of two lines or 
a double line. Again, for some open subset of Hyp(3;3) we expect that the double 
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line case does not occur. Thus we found 11 lines on X: the line £ and 5 pairs of lines 
Li, &; lying each lying in the plane 7;. Pick up some plane, say 7. We have 3 lines 
£, l, and 2” in mı. Replacing £ by @’, and then by 2”, and repeating the construction, 
we obtain 4 planes through / and 4 planes through @” not containing £, and each 
containing a pair of lines. Altogether we found 3+ 8+8+8 = 27 lines on X. To see 
that all lines are accounted for, we observe that any line intersecting either £, or ¢’, or 
l" lies in one of the planes we have considered before. So it has been accounted for. 
Now let L be any line. We find a plane m through L that contains three lines L, L’ 
and L” on X. This plane intersects the lines £, @’, and £” at some points p, p’ and p” 
respectively. We may assume that these points are distinct. Otherwise we find three 
non-coplanar lines in X passing through one point. As we shall see later this implies 
that X is singular at this point. Since neither L’ nor L” can pass through two of these 
points, one of these points lie on L. Hence L is coplanar with one of the lines 4, 0’, 0”. 
Therefore L has been accounted for. 














Remark 12.11. Using more techniques one can show that every “nonsingular” (in the 
sense of the next lectures) cubic surface contains exactly 27 lines. Let us define the 
graph whose vertices are the lines and two vertices are joined by an edge if the lines 
intersect. This graph is independent on the choice of a nonsingular cubic surface and 
its group of symmetries is isomorphic to the group W (Es) of order 51840 (the Weyl 
group of the root system of a simple Lie algebra of type Ee). 


Problems. 


1. Show that the set 7, of lines in P?(K) passing through a point x € P?(K) is a 
closed subset of G(2, 4) isomorphic to P?(K). Also show that the set mp of lines in 
P3(K) contained in a plane P C P°(K) is a closed subset of G(2, 4) isomorphic to 
P2(K). 

2. Prove that the subset of quartic surfaces in Hyp(4;3) which contain a line is an 
irreducible closed subset of Hyp(4;3) of codimension 1. 














3. Prove that every hypersurface of degree d < 5 in P*(K) contains a line, and, if 
d < 4, then it contains infinitely many lines. 

4. Let X be a general cubic hypersurface in P4(K) (general means that X belongs to 
an open subset U of Hyp(3; 4)). Show that there exists an open subset V C X such 
that any x € V lies on exactly six lines contained in X. 

5*, Let 1 < mı <mg<...<m,<n+1,a flag in K"*! of type (m1, ..., Mp) isa 
chain of linear subspaces Lı C ... C Ly with dim Li = mi. 


(a) Show that the set of flags is a closed subset in the product of the Grassmannians 
G(mi1,n +1) x... G(m,,n+ 1). This projective algebraic set is called the 
flag variety of type (m1, ..., Myr) and is denoted by Fy(m4,...,m,3;n +1). 
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(b) Find the dimension of Fy. (m1,...,mr3n+ 1). 
6. By analyzing the proof of Theorem 13.16 show the following: 


(a) The set of 27 lines on a cubic surface X contains 45 triples of lines which lie in 
a plane (called a tritangent plane). 


(b) There exist 12 lines l1, .. . , le, l4, -- - , lg such that ŅAL = Ø, i = 1,...,6, GAOL A 
Ø if i Æ j. Such a set is called a double-six configuration. 


(c)* Show that there are 36 different double-six configurations. 


(d) Check all the previous assertions for the Fermat cubic. 


7*. Prove that 


(a) A general cubic surface V (F) contains 9 lines 4;;, i, j = 1,2,3 such that £;; N 
lkm # Û if and only if i = k or j =m. 


(b) Using (a) show that V (F) can be given by the equation 


Li 0 M 
det | Mp Lə 0 = 0, 
0 M, Leg 


where L;i, M; are linear forms. 


(c) Show that the map T : V(F) > P? which assigns to a point x € V(F) the set 
of solutions of the equation (to, t1,t2) - A = 0 is a birational map. Here A is 
the matrix of linear from from (b). 


(d) Find an explicit formulas for the inverse birational map Tt. 


8. Using Problem 5 (b),(c) show that the group W of symmetries of 27 lines consists 
of 51840 elements. 


9*. Let C be a twisted cubic in P? (the image of P! under a Veronese map given 
by monomials of degree 3). For any two distinct point x,y € C consider the line 
lzy joining these points. Show that the set of such lines is a locally closed subset of 
G(2,4). Find the equations defining its closure. 

10*. Let k = ko(t), where ko is an algebraically closed field and F(Tọ,..., Tn) € 
k[T,,...,T,] be a homogeneous polynomial of degree d < n. Show that V(F)(k) 40 
(Tsen's Theorem). 
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Lecture 13 


Tangent space 


The notion of the tangent space is familiar from analytic geometry. For example, let 
F(x,y) = 0 be a curve in R? and let a = (£o, yo) be a point lying on this surface. 
The tangent line of X at the point a is defined by the equation: 








Fe (aa = zo) + (o) ~ yo) = 0. 


It is defined only if at least one partial derivative of F at a is not equal to zero. In 
this case the point is called nonsingular. Otherwise it is said to be singular. 

Another notion of the tangent space is familiar from the theory of differentiable 
manifolds. Let X be a differentiable manifold and a be its point. By definition, a 
tangent vector ta of X at a is a derivation (or differentiation) of the ring O(X) of 
differentiable functions on X, that is, a R-linear map ô : O(X) — R such that 


O(fg) = f(a)d(g) + g(a)o(f) for any f,g € O(X). 


It is defined by derivation of a function f along ta given by the formula 





n of 
< f, ta >= a)ti 
Í, a >D FFEN ) a 
i=1 
where (t1,...,tn) are the coordinates of ta and (x1, ..., n) are the local coordinates 


of X at the point a. 

In this lecture we introduce and study the notion of a tangent space and a non- 
singular point for arbitrary algebraic sets or varieties. 

For every k-algebra K let K[e] = K[t]/(t?) be the K-algebra of dual numbers. If 
e is taken to be t mod(t”), then Kfe] consists of linear combinations a+ be,a,b € K, 
which are added coordinate wise and multiplied by the rule 


(a + be)(a’ + b'e) = aa’ + (ab! + a'b)e. 
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We denote by 
a1: Kle] > K 


the natural homomorphism a + be — a. Its kernel is the ideal (£) = {be,b € K}. 


Definition 13.1. Let X be an affine or a projective algebraic variety over a field k and 
x € X(K) be its K-point. A tangent vector tx of F at x is a K[e]-point ts € X(K[e]) 
such that X(a1)(tz) = x. The set of tangent vectors of X at x is denoted by T(X)z 
and is called the tangent space of F at x. 


Example 13.1. Assume X is an affine algebraic variety given by a system of equations 
PUD gy Fo 0 po GP Diss Da) =. 

A point x € X(K) is a solution (a1,...,an) E€ K” of this system. A tangent vector 

ty is a solution (a1 + bié,...,@n + bye) E€ X(K[e]) of the same system. Write down 


the polynomials F;(Z) in the form : 


Fi(Z1,..., Zn) = Gi(Z1 — a1,..., Zn — Gn) 


= So al? (Z; —a;) + X aZ — a;)(Zp — an) +... 
j=l j,k=1 


(Taylor's expansion). Note that the G;’s do not contain the constant term because 
(a1,...,@n) E€ X(K). By definition, the coefficient al!) is the partial derivative of F; 
7 (x). Obviously, 
it is an element of K. Now we plug the point (a1 +b1£, . . . , an +bn€) into the previous 
equations to obtain 


with respect to Z; at the point x = (a1,..., an). 








F;(a1+b1€, .. . , an+bn€) = a oiet 5 a) bibje? +. -Xo ie = 
j,k=1 
From this we deduce that (b1,...,b,) satisfies the system of linear homogeneous 
equations: 
OF; 
bj = A Deere a 13.1 
Ya E (13.1) 


Thus the set of tangent vectors T(X)x is bijective to the submodule of K” which 
consists of solutions of a homogeneous system of linear equations. In particular, we 
have introduced the structure of a K-module on T(X),. 


A 
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Example 13.2. Assume X = P} is the n-dimensional projective space over k. Let 
x = (ao,---, Gn) € PZ (Kk), where K is a field. A tangent vector at x is a local line M 
over K[e] such that M/eM = (ao,...,@n)K. Since the ring K[e] is obviously local, 
M is a global line given by coordinates (ao +toe,...,@n+tne). Note that 1 = >, bia; 
for some b; € K, and therefore >>, bj(a; + eti) = 1+ €(0, biti) € K[e]*. This shows 
that K[e] (ao + €to,...,@n +€tn) is a global line for any (to,...,t,) and M € T(P?). 
is determined by (to,...,t¢n) up to the equivalence relation defined by 


(to,---,tn) ~ (to,---,t,) iff (ao + Eeto, .-., an + Etn) = (ao + Eth, . -an + Eth) 
in P? (Kc [e]). The latter means that 
(ap + eto,---, a, tet) = (A+ ue) (ao + eto, ---, An + Etn) 
for some A+ pe € K[e]* (i.e. A € K*, u € K). This implies that 
(ab, ---,0h) = A(a0,---;an), Cyan) = Altos --- tn) leh , an). 


Let Ly be the line in K”*! corresponding to x. We see that a tangent vector ty 
defines a homomorphism Ly — K"+!/Lz by assigning to (ao, ...,an) € Ly the coset 
of (to,..-,tn) modulo Lg. Thus there is a natural bijection 


T(P?)e > Hom; (La, K” / La). 


Since the right-hand side has a natural structure of a rank n free module over K, we 
can transfer this structure to T(P} )x. 


Example 13.3. Let X = GLa, be the affine algebraic variety with GLa (K) = 
GL(n, K). A point of GL, (K[e]) is a matrix A + €B, where A € GL(n, K),B € 
Mat, (K). 

If we take x € X(K) to be the identity matrix In, we obtain that T(X)z„ can be 
identified with Mat, (K). Now, take X = SL, with X(K) = SL(n, k). Then 


T(X);, = {In + EB € GL(n, K[e]) : det(In + €B) = 1} = 


{In +€B € GL(n, Ke]) : Trace(B) = 0}. 


Thus we can identify T(SL,,)7,, with the vector space of matrices with entries in K 
with trace equal to zero. 
Now let us take X = On, with On, = {A € Mat, (K):A-'A=I,}. We get 


T(X)1, = {In + €B € Mat(n, K[e]) : (In + €B)(In + &B) = n} = 


{In + €B € GL(n, K[e]) : B +*B = 0}. 
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Thus we can identify T(O,,,,)7,, with the vector space of skew-symmetric matrices 
with entries in K. Note that the choice of K depends on identification of I„ with a 
K-point. 

The tangent space of an algebraic group at the identity point has a structure of a 
Lie algebra defined by the Lie bracket. 


Remark 13.4. For any functor F' from the category of k-algebras to the category of 
sets one can define the tangent space of F at a “point” x € F(K) as the set of 
elements t of the set F'(a)(t) = zx. 


Now, if we have a projective variety X given by a system of homogeneous equations 
Fı =---= Fk = 0, we obtain that 


T(X)o = {a + be € T(Pý)s : Fila + be) =--- = F(a + be) =0.} 


By using the Taylor expansion, as in Example 13.1, we obtain that b = (bo,..., Dn) 
satisfies a system of homogeneous linear equations: 

"OF; 
oT; 





(a)b; =0, i=1,...,k. (13.2) 
j=0 


Recall that a tangent vector is determined by b = (bo,...,b,) only up to adding a 
vector proportional to a = (ao,...,@,). Thus a must satisfy the previous system of 
linear equations. But this is clear. For any homogeneous polynomial F (To, ..., Tn) of 
degree d we have (easily verified) Euler’s identity 


~., OF 
dF (t,...,Tn) = DEJE (13.3) 
j=0 
This gives 
a F 
0 = d;F;(ao, an) = Fe (a), i= 1, ,k, 


where d; is the degree of F;. 

As we saw the tangent space of an affine or a projective variety has a structure of 
a linear space. However, it is not clear that this structure is independent of a choice of 
the system of equations defining X. To overcome this difficulty, we shall give another, 
more invariant, definition of T(X).. 

Let A be a commutative k-algebra and let M be A-module. A M-derivation of 
A is a linear map of the corresponding k-linear spaces 6 : A — M such that for all 
a,bE A 

ô(ab) = ad(b) + bô(a). 
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The set of M-derivations is denoted by Der(A, M). It has a natural structure of a 
A-module via 
(ad)(b) = ad(b) for all a,b € A. 


We will be interested in a special case of this definition. 


Lemma 13.5. /f f : A— B is a homomorphism of k-algebras, and ô : B —> M isa 
M-derivation of B, then the composition ôo f : A— B > M is a Mp -derivation 
of A, where Mvp) is the A-module obtained from M by the operation of restriction of 
scalars (i.e., a:m = f(a)m for anya € A,m € M). 











Proof. Trivial verification of the definition. 





Let us apply this to our situation. Note that the k-linear map: 
ag: K|e] > K,a + be > b 


is a K-derivation of K |e] considered as a K-algebra. Here K is considered as a Kf[e]- 
module by means of the homomorphism ¢ı : Kfe] > K,a + be + a. We identify a 
K-point x € X(K) with a homomorphism of k-algebras ev, : O(X) > K, ọ > (2). 
A tangent vector ty € T(X)x is identified with a homomorphism ev;, : O(X) > K |e]. 
Its composition with the derivation ag : Kile] > K,a+be > b, is a K-derivation 
of k| X]. Here K is considered as a O(X)-module via the homomorphism evz. This 
defines a map: 





T(X), > Der,(O(X), K)z 


where the subscript x stands to remind us about the structure of a O(X )-module on 
K. By definition, 


Der (O(X), K)s = {6 € Home (O(X), K) : ô(pq) = p(x)d(q)+4(@)d(p), Vp, q € O(X)}. 
Lemma 13.6. Assume X is an affine algebraic k-set. The map 
T(X)z > Derg(O(X), K)z 
is a bijection. 
Proof. Let 6 € Der,(O(X), K)z. We define a map fs : O(X) —> Kfe] by the formula: 
f5(p) = p(x) + cô(p). 


It is easy to verify that fs is a homomorphism, and its composition with a, : Ke] > K 
is equal to evz. Thus fs defines a tangent vector at x and the formula 6 ++ fs makes 
the inverse of our map. 
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Now Der, (O(X), K)xs has a structure of a A-module, defined by the formula 
(ad)(p) = ad(p) for any a € K,p € O(X). We transfer this structure to T(X), by 
means of the bijection from Lemma 13.6. This structure of a A-module on T(X), 
is obviously independent (up to isomorphism) on the choice of equations defining X. 
We leave to the reader to verify that this structure agrees with the one defined in the 
beginning of the lecture. 

Let us specialize our definition to the case when x € X(k) (a rational point of 
X). Then the kernel of the homomorphism x : O(X) — k is a maximal ideal m, of 
O(X) and O(X)/m, = k. Let 6 € Derz,(O(X),k) be a k-derivation of O(X). For 
any p,q E€ My, we have 


ô(p - q) = p(x)d(q) + q(x) d(p) = 0. 
Thus the restriction of 6 to m2 is identical zero. 


Lemma 13.7. Assume x € X (k). The restriction map 6 —> ô|mz, defines an isomor- 
phism of k-linear spaces 


T(X)z > Hom, (m,/m2, k). 


Proof. Since O(X)/m2 has a natural structure of a k-algebra there is a canoni- 
cal homomorphism k — O(X)/m?2 such that its composition with the factor map 
O(X)/m2 + O(X)/m, = k is the identity. We shall identify k with the sub- 
ring of O(X)/m? by means of this map so that the restriction of the factor map 
O(X)/m? — O(X)/m, to k is the identity. For any p € O(X) we denote by py 
the residue of p mod m2. Obviously, py — p(x) € m,/m2, so that for every linear 
function f € Homyz(m,/m2,k) we can define the map ô : m,/m? — k by setting for 
any p € O(X) 
6(p) = f (px — p(2)). 


Since for any p,q € O(X), (px — p(x)) (de — q(x)) € m2, we have 
(pq) = f(Pede—p(x)q(@)) = f((Pe—P(&))(Ge—4(&))+P(&)(de—G(2))+9(x) (Pe—p(x))) 
= f(P(@) (de — a(@)) + 4() (Pe — P(@))) = p(z) f (qx — a(@)) + q(x) f (Pz — p(x))) 

= p(x)d(q) + a(x) d(p). 


We leave to the reader to verify that the constructed map f +> 6 is the needed 
inverse. 














Let f : X — Y be a morphism of algebraic k-varieties (affine or projective). 
Let x € X(K), and y = fx(x) € Y(K). By definition of a morphism, the map 
frg : X (Ke]) > Y(4[e]) induces a natural map 


(af ee OX ae > T(Y )y. 
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It is called the differential of f at the point x. If f : X — Y is a morphism of affine 
k-varieties corresponding to a homomorphism f* : O(Y) — O(X) of k-algebras, 
x € X(K),y = fx(x) € Y (K), then, after we use the bijection from Lemma 13.6, it 
is immediately verified that the differential (df), coincides with the map 


Der, (O(X), K)z —> Der, (O(Y), K)y 


defined in Lemma 13.5, where f is the homomorphism f* : O(Y) + O(X). This is 
obviously a K-linear map. 


Proposition 13.8. (Chain Rule). Let f : X — Y,g : Y —> Z be morphisms of 
algebraic k-varieties, x € X(K),y = f(x) © Y(K). Then 


d(g o fla = (dg)y © (df a 


Proof. Immediately follows from the definition of a morphism. 














Now we can define the tangent space for any quasi-projective algebraic set V C 
P”(K). Here K, as usual, is a fixed algebraically closed field containing k. First, we 
assume that V is affine. Choose an affine algebraic A-variety X such that I(X) is 
radical and X(K) = V. Then we define the the tangent space T(V), of V at x by 
setting 

TV jig =T(X)z. 
By Lemma 13.7, for every x € V we have an isomorphism of K-linear spaces. 
T(X)z = Der, (O(X), K). 


Since an isomorphism of affine varieties is defined by an isomorphism of their coordinate 
algebras, we see that this definition is independent (up to isomorphism of linear spaces) 
of a choice of equations defining X. 


Lemma 13.9. Let A be a commutative K-algebra, M an A-module, and S a multi- 
plicatively close subset of A. There is an isomorphism of Ag-modules 


Der(A, M)s = Der, (As, Ms) 


Proof. Let 6: A — M be a derivation of A. We assign to it the derivation of Ags 
defined by the familiar rule: 





This definition does not depend on the choice of a representative of the fraction $. In 


fact, assume s” (s'a — sa’) = 0. Then 


0 = 3"8(s'a — sa’) — (s'a — sa’)5(s") = s"[6(s'a) — 5(sa’)] + (as’ — a’s)6(s"). 
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Multiplying both sides by s”, we obtain 
s16(s'a) — 6(sa’)] = 0. (13.4) 
Let us show that this implies that 
s'’?[s?(s'6(a') — a'6(s'))| = s"*[s'*(s5(a) — ad(s))]. 
This will proves our assertion. The previous identity is equivalent to the following one 
s'?[s7s'5(a’) — s'286(a)| = s”? [s?a S(s) — s'2a6(s)], 


or 
s'ss’'*(s5(a’) — s'5(a)] = ss's’*[ad(s’) — a’d(s)]. 


Now this follows from equality (13.4) after we multiply it by ss’. 

So we have defined a homomorphism of A-modules Der;,(A, M) — Der,(Ag, Ms). 
It induces a map of As-modules Der, (A, M)s —> Derg(As, Ms). The inverse of this 
map is defined by using Lemma 13.5 applied to the homomorphism A —> Ag. 














Let us apply the previous lemma to our situation. Let X be an affine k-variety, 
x E€ X(K), p = Ker(ev,). Assume that K is a field. Then the ideal p is prime 
since O(X)/p is isomorphic to a subring of K. Consider K as a module over O(X) 
by means of the homomorphism ev,. Let S = O(X)\p. Then Ks = K since the 
image of S under ev, does not contain 0. It is easy to see that the linear AK-spaces 
Der(O(X), K)p and Der(O(X), K) are isomorphic (the map a ++ ev,(s)~10 is the 
isomorphism). Applying Lemma 13.9, we obtain an isomorphism of vector K-spaces 


T(X)a = Der (O(X), K) = Derg(O(X)p, K). (13.5) 


The previous isomorphism suggests a definition of the tangent space of any quasi- 
projective algebraic k-set X. 


Definition 13.2. The /ocal ring of X at x € X is the factor set 


Oxa = |J OU)/R 


xreU 


where U runs through the set of all open affine neighborhoods of x and the equivalence 
relation R is defined as follows: 


Let f € O(U), g € O(V), then 


f = g9 <= {|W = g|W for some open affine neighborhood of x contained in UNV. 


125 


We shall call the equivalence class of f € O(U), the germ of f at x. The structure of 
a ring in Ox, is induced by the ring structure of any O(U). We take two elements of 
O x.x, represent them by regular functions on a common open affine subset, multiply 
or add them, and take the germ of the result. Let my, be the ideal of germs of 
functions f € O(U) which vanish at zx. 

It follows from the definition that, for any open affine neighborhood U of x, the 
natural map O(U) + Ox .2,¢++ $x defines an isomorphism 


Our = Ox, z- 
Lemma 13.10. (i) Mx, is the unique maximal ideal of Ox z. 


(ii) If X is affine and irreducible, the canonical homomorphism O(X) > Oxx 
induces an isomorphism O(X), = Oxx, where py = Ker(evz). 


(iii) If X is affine, the canonical homomorphism O(X) —> Ox. induces an isomor- 
phism of fields k(x) := Q(O(X)/p2) > Ox,2/Mx,2- 


Proof. (i) It suffices to show that every element a € Ox, \ mx, is invertible. Let 
a = fz, where f is regular on a some open affine set U containing x. Since f(x) 4 0,2 
is contained in the open principal affine subset V = D(f) of U. Hence the restriction 
g of f to V is invertible in O(V). The germ gyz = fx is now invertible. 

(ii) For any 6 € O(X) \ Pz its germ in Ox, is invertible. By the universal 
property of localizations, this defines a homomorphism O(X )»,, + Ox,2. An element 
of the kernel of this homomorphism is a function whose restriction to some open 
neighborhood of x is identically zero. Since X is irreducible, this implies that the 
function is zero. Let fz € Ox,, be the germ of a function f € O(U), where U is an 
open affine neighborhood of x. Replacing U by a principal open subset D(¢) C U, 
we may assume that U = D(@) and f = F/¢”, where F, € O(X). Since ¢(x) 4 0, 
we get that ¢ does not belong to py, and hence f € O(X)», and its germ at x equals 
fx. This proves the surjectivity. 

(iii) This follows easily from the definition of the localization ring Ap for any ring 
A and a prime ideal p. The homomorphism A — A,,a++ £ defines a homomorphism 
A/p — Ay/pApy. The target space is a field. By the universal property of fields of 
fractions, we get a homomorphism of fields g : Q(A/p) + Ap/pAp. Let $ + p4p € 
Ap/pAp. Then it is the image of the fraction = € Q(A/p). This shows that g is 
bijective. 

















The previous isomorphism allows us to define the tangent space for any quasi- 
projective k-set X by 
T(X)x = Der, (Ox,2, K). (13.6) 
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In the case when x € X(k), choosing an open affine neighborhood of x and applying 
Lemma 13.7, we obtain 


TX )g= Hom, (Mx, s/M% x, k). (13.7) 


For any rational point x € X (k), the right-hand side of (13.7) is called the Zariski 
tangent space of X at zx. 

Let f : X — Y be a regular map of algebraic k-sets, x € X and y = f(x). Let 
V be an open affine neighborhood of y and U be an open affine neighborhood of x 
contained in f~!(V). The restriction of f to U defines a regular map f : U — V. For 
any @ € O(V), the composition with f defines a regular function f*(¢) on U. Let 
f*(d)c € OU,x be its germ at x. The homomorphism f* : O(V) > OU,» extends to a 
homomorphism f* : Oy — Ou,x of the local rings. It is clear that f* (myy) C mux. 
Composing this homomorphism with the isomorphisms Ox 7 = Ou,z and Oyy = Ovy 
we get a homomorphism of local rings 


Fey : Oy > Ox (13.8) 
Applying Lemma 13.5, we get a K-linear map 
DX 2 = Der;,(Ox,2, K) = Ty,y = Derz (Oyy, K), 


which we call the differential of f at the point x and denote by dfx. 

Let X C P} (K) be an quasi-projective algebraic k-set and TX), be the tangent 
space at its point x € X(K). It is a vector space over K of finite dimension. In fact, 
it is a subspace of T'(P"(K)), = K” and hence 


dim T(X)z <n. (13.9) 


If x is contained in an affine open subset U which is isomorphic to a closed subset of 
some A” (ic), then TX), is a subspace of T(A”(K));s = K” and 


dimg T(X)y <n. 


It follows from (13.9) that X is not isomorphic to a quasi-projective subset of Pi (J) 
for any n <dimg T(X)z,. 


Example 13.11. Let X be the union of the three coordinate axes in A?(K). It is 
given by the system 








11 LZ = 1123 = Z223 = 0. 


N 


The tangent space at the origin x = (0,0, 0) is the whole tangent space T(A?(K)), S 
K’. Thus dime T(X), = 3. This shows that X is not isomorphic to the union of 
three lines in A?(K). 
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Let us now show that dim T(X), > dim X for any irreducible algebraic set X 
and the equality takes place for almost all points æ (i.e., for all points belonging to a 
Zariski open subset of X). For this, we may obviously assume that X is affine. 

Let V = X(K) for some affine variety defined by a radical ideal in k[Z1,..., Zp]. 
The set T(V) = X(Ke]) is a subset of K|e]” which can be thought as the vector 
space K?". It is easy to see that T(X) is a closed algebraic subset of K?” and the 
map p = X (¢) : T(X) > X, is a regular map (check it !). Note that the fibre p+ (x) 
is equal to the tangent space T(X).. Applying the theorem about the dimension of 
fibres of a regular map, we obtain 


Proposition 13.12. There exists a number d such that 
dimk T(X) > d 
and the equality takes place for all points x belonging to an open subset of X. 
We will show that the number d from above is equal to dim X. 
Lemma 13.13. Let K be an algebraically closed field of characteristic p. Let F € 
K[Z,,...,Z,]| with all the partial derivatives OF /OZ; equal to zero. If p = 0, then F 


is a constant polynomial. If p > 0, then F = G? for some polynomial G. 


Proof. Write F = $, arz". Then 


=J a(r ee) Z7-* 
r 


where e denotes the dot product of vectors and e; is the i-th unit vector. If ae 
polynomial is equal to zero, then a;(r ee;) = 0 for all r. ume that ay Æ 0. 
char(k) = 0 this implies that r è e; = 0. In particular, if all 2 SF. = 0, we get r = 7 
i.e., F is a constant polynomial. If char(k) = p > 0, we obtain that p divides r eè e;, 
i.e., r = pr’ for some vector r’. Thus 


F= ee 52 al oP eae 











where G=}, ax! P ZF 











Theorem 13.14. Let X be an irreducible algebraic set and d = min{T(X),}. Then 


d = dim X. 
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Proof. Obviously, it suffices to find an open subset U of X where dime T(X)z = 
dim X for all v € U. Replacing X by an open affine set, we may assume that X is 
isomorphic to an open subset of a hypersurface V (F) C A" (Kx) for some irreducible 
polynomial F (Theorem 4.10 of Lecture 4). This shows that we may assume that 
X =V(F). For any x € X, the tangent space T(X),. is given by one equation 

OF OF 


Clearly, its dimension is equal to n — 1 = dim X unless all the coefficients are zeroes. 
The set of common zeroes of the polynomials oF is a closed subset of A” (K) contained 





(2) 0, = 0. 


in each hypersurface vÈ). Obviously, A ¢ (F) unless it is equal to zero (compare 
the degrees). Now the assertion follows from Lemma 13.13. 














Obviously, the assertion of the previous theorem is not true for a reducible set. To 
see this it is sufficient to consider the union of two sets of different dimension. It is 
easy to modify the statement to extend it to the case of reducible sets. 


Definition 13.3. The dimension of X at a point x is the maximum dim, X of the 
dimensions of irreducible components of X containing z. 


Corollary 13.15. Let X be an algebraic set and x € X. Then 
dimg T(X)z > dim; X. 


Proof. Let Y be an irreducible component of X containing x. Obviously, T(Y)z C 
T(X)z. Hence 
dim, Y < dimg T(Y), < dimg T(X),. 














This proves the assertion. 


Definition 13.4. A point x of an algebraic set X is said to be nonsingular (or simple, or 
smooth) if dimx T(X)s = dim, X. Otherwise, it is said to be singular. An algebraic 
set X is said to be nonsingular (or smooth) if all its points are nonsingular. Otherwise 
X is said to be singular. 


We already know how to recognize whether a point is nonsingular. 


Theorem 13.16. (The Jacobian criterion of a nonsingular point). Assume that X is 





an affine algebraic k-set given by a system of equations F\(Z) =... = F(Z) =0 in 
A”(K). Then x € X is nonsingular if and only if rk J(x) =n — dim, X, where 
Ize) +. azla) 
o= age 
OF, ( OF. ( 
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Problems. 


1. Assume k = K is algebraically closed field of characteristic 0. Show that, up to a 
projective automorphism of P?(K’), there are only two irreducible singular plane cubic 
curves. 


2. Prove that T(X x Y)(a,y) = T(X)z @T(Y)y. Using this show that if x is a 
nonsingular point of X and y is a nonsingular point of Y, then (x,y) is a nonsingular 
point of X x Y. 


3. Let X be a closed subset of A” (K), x = (a1,...,@n) € X and f : Al(K) > A"(K) 
given by t œ (bit + a1,..., bnt + an). Let (Z") be the ideal of O(A!(K)) = k[Z] 
generated by the functions f*(¢),¢@ € I(X). Show that (a; + b1£,..., an + bre) € 
K{e]” is a tangent vector of X if and only if r > 1. Note that r can be interpreted as 
the intersection multiplicity of X and the line f(A!(K)) at a. 

4. Suppose a hypersurface X = V(F) of degree > 1 in P”(K) contains a linear 
subspace E of dimension r > n/2. Show that X has singular points contained in Æ. 
5. Find singular points of the Steiner quartic V (TÈT? + T?73 + TÈT? — ToT: T2T3) 
in P?(K). 

6. Let X be a surface in P?(K). Assume that X contains three non-coplanar lines 
passing through a point x € X. Show that this point is singular. 

7. Let Gk(r+1,n+1) be the Grassmann variety over k. For every M € Gi (r+1,n+ 
1)(K) show that the tangent space of G(r + 1,n + 1) at M is naturally identified 
with Hom (M, K"*!/M). 
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Lecture 14 


Local parameters 


In this lecture we will give some other properties of nonsingular points. As usual we 
fix an algebraically closed field K containing k and consider quasi-projective algebraic 
k-sets, i.e. locally closed subsets of projective spaces P} (K). 

Recall that a point x € X is called nonsingular if dimy T(X), = dim, X. When 
x € X(k) is a rational point, we know that T(X), = Homg(mx,2/my x K). Thus a 
rational point is nonsingular if and only if 


dimk Mx,c/M a = dim, X. 


Let us see first that dim; X = dimOx,,. The number dim Ox, is denoted often 
by codim,X and is called the codimension of the point x in X. The reason is simple. 
If X is affine and pẹ = Ker(ev,), then we have 





dim O(X), = sup{r : 3 a chain pz = po 2 ... D pr of prime ideals in O(X)}. 
This follows from the following. 


Lemma 14.1. Let p be a prime ideal in a ring A. Then 





dim Ay = sup{r : 3 a chain p = po 2 ... D pr of prime ideals in A}. 


Proof. Let qr C ... C qo be the largest increasing chain of prime ideals in Ay. We 
may assume that qo is the maximal ideal m of A. Let p; be the pre-image of q; in A 
under the natural homomorphism A — Ap. Since po = p, we get a chain of prime 
ideals p = po D ... D pr. Conversely, any chain of such ideals in A generates an 
increasing chain of prime ideals in Ap. It is easy to see that pjAg = pj41Ap implies 
Pi = )i+1. This proves the assertion. 














In commutative algebra the dimension of Ay is called the height of the prime ideal 
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Proposition 14.2. 
codim, X + algdim,, k(x) = dim, X. 


Proof. We use induction on dim, X. Let p = Ker(evz). If dim; X = 0, an open 
affine neighborhood of x consists of finitely many points, p is a maximal ideal, k(x) is 
algebraic over k, and codim,X = 0. This checks the assertion in this case. Assume 
the assertion is true for all pairs (Y,y) with dim, Y < dim, X. If p = {0}, then 
k(x) = Q(O(X)) and algdim, k(x) = dim X. Obviously, codim,X = 0. This checks 
the assertion in this case. Assume that p 4 {0}. Let X’ be an irreducible component 
of X of dimension dim, X which contains x. Take an nonzero element œ € p which 
does not vanish on X’ and consider the closed subset V(#) of X’ containing x. By 
Krull’s Theorem, the dimension of each irreducible component of V(@) is equal to 
dim X’ — 1 = dim, X — 1. Let Y be an irreducible component of V (¢) containing 
x and let q be the prime ideal in O(X) of functions vanishing on Y. There exists a 
strictly decreasing chain of length codim,Y of prime ideals in O(Y) descending from 
the image of p in O(Y) = O(X)/q. Lifting these ideals to prime ideals in O(X) and 
adding q as the last ideal we get a chain of length 1 + codim,Y of prime ideals in 
O(X) descending from p. By induction, 


codim, Y + algdim, k(x) = dim, Y = dim X — 1. 


Under the natural homomorphism Ox 7 — Oy, the maximal ideal mx. generates 
the maximal ideal myz. This easily implies that the residue field of x in X and in Y 
are isomorphic. This gives 


codim,X +algdim, k(x) > 1+codim,Y +algdim, k(x) = 1+dim, X —1 = dim, X. 

(14.1) 
Recall that algdim, k(x) = dimO(X)/p. Any increasing chain of prime ideals in 
O(X)/p can be lifted to an increasing chain of prime ideals in O(X) beginning at p, 
and after adding a chain of prime ideals descending from p gives an increasing chain of 
prime ideals in O(X). This shows that codim, X +algdim, k(x) < dim, X. Together 
with the inequality (14.1), we obtain the assertion. 














Corollary 14.3. Assume that k(x) is an algebraic extension of k. Then 
dim Ox, = dim, X. 
Now we see that a rational point is nonsingular if and only if 
dim; Mx,c/M a = dim Ox». 
Proposition 14.4. Let (A,m) be a Noetherian local ring. Then 


dim, m/m? > dim A. 
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Proof. We shall prove it only for geometric local rings, i.e., when A = By, where B 
is a finitely generated k-algebra B and p is a prime ideal in B. This will be enough 
for our applications. Thus we may assume that B = O(X) for some affine algebraic 
k-variety X and p corresponds to some irreducible subvariety Y of X. Let K be some 
algebraically closed field containing the field of fractions Q(O(X)/p). The canonical 
homomorphism O(X) > O(X)/p > Q(O(X)/p) —> K defines a point x of the 
algebraic k-set X(K) with k(x) = Q(O(X)/p). Thus we see that any geometric local 
ring is isomorphic to the local ring Ox, of some affine algebraic k-set and its point 
x. 

Let X; be an irreducible component of X (JC) of dimension equal to dim X which 
contains x. Since alg.dim,O(X)/p = dim O(X)/p = dim Y, we see that 


dim Ox , = dim, X — dim Y = dim X; — dim Y. 


Suppose a@1,..., an generate the maximal ideal of Ox ,. Let U be an open affine neigh- 
borhood of x such that a1,..., an are represented by regular functions ¢1,...,¢@n on U. 
Clearly, Y QU = V (ġ1,..., n). Applying Krull’s Hauptsatz, we obtain that dim Y = 
dim V(¢1,...,¢n) > dim X; — n. This implies dim Ox s = dim Xı — dimY < n 
which proves the assertion. In fact, this proof gives more. By choosing elements 
from ¢1,...,@n such that each ¢ does not vanish on any irreducible component of 
V(¢1,.--,@j-1) containing x, we obtain that V(¢1,...,¢n) = dimY, where n = 
codim X. Thus, Y is an irreducible component of V(¢,...,@n). Let qi,...,q, be 
prime ideals corresponding to other irreducible components of V(¢1,...,@n). Let U be 
an open subset of X obtained by deleting the irreducible components of V(¢1,..., dn) 
different from Y. Then, replacing X with U, we may assume that V(¢1,...,¢n) =Y. 
Thus p = rad(¢1,...,@n) and replacing ¢;'s with their germs a; in Ox, we obtain 
that m = rad(a1,...,@n). 














Definition 14.1. A Noetherian local ring (A with maximal ideal m) and residue field 
k = A/m is called regular if dim, (m/m?) = dim A. 


Thus a rational point x is nonsingular if and only if the local ring Ox. is regular. 
For any point x € X (not necessary rational) we define the Zariski tangent space 
to be 
O(X)z = Homp (x) (mx0/My z» k(x)) 


considered as a vector space over the residue field k(x) = Ox 2/mx.x. 
We define the embedding dimension of X at x by setting 


embdim,X = dimg 2) O(X)z- 
Note that for a rational point we have 


T(X)z = O(X)z Qx K. (14.2) 
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In particular, for a rational point x we have 
dimg T(X), = embdim,X. (14.3) 
Definition 14.2. A point x € X is called regular if Oxx is a regular local ring, i.e. 
embdim,X = codim,X. 


Remark 14.5. We know that a rational point is regular if and only if it is nonsingular. 
In fact, any nonsingular point is regular (see next Remark) but the converse is not 
true. Here is an example. Let k be a field of characteristic 2 and a € k which is not 
a square. Let X be defined in A?(K) by the equation Z? + Z3 + a = 0. Taking the 
partial derivatives we see that (\/a,0) € K? is a singular point. On the other hand, 
the ring Ox. is regular of dimension 1. In fact, the ideal p = Ker(ev,) is a maximal 
ideal generated by the cosets of Z? + a and Z2. But the first coset is equal to the 
coset of Z3, hence p is a principal ideal generated by Z2. Thus my, Is generated by 
one element and Ox, is a regular ring of dimension 1. 


Remark 14.6. If x is not a rational point, equality (14.3) may not be true. For example, 
let k = C, K be the algebraic closure of the field k(t) and consider X = A4(K). A 
point x = t defines the prime ideal p = {0} = Ker(ev,.) (because t is not algebraic 
over k). The local ring Ox, is isomorphic to the field of fractions of k[Z1]. Hence its 
maximal ideal is the zero ideal and the Zariski tangent space is 0-dimensional. However, 
dim T(X), = 1 since X is nonsingular of dimension 1. Thus O(X), A T(X)x. 

However, it is true that a nonsingular point is regular if we assume that k(x) is a 
separable extension of k (see the proof below after (14.10)). 


Let us give another characterization of a regular local ring in terms of generators 


of its maximal ideal. 


Lemma 14.7. (Nakayama). Let A be a local ring with maximal ideal m, and let M 
be a finitely generated A-module. Assume that M = N + mM for some submodule 
N of M. ThenM=N. 


Proof. Replacing M by the factor module M/N, we may assume that N = 0. Let 
fi,---, fr be a set of generators of M. Since mM = M, we may write 


r 


P=) a T= Weer 


j=l 


for some aj; in m. Let R = (a;;) be the matrix of coefficients. Since (f1,..., fr) isa 
solution of the homogeneous system of equations R- x = 0, by Cramer’s rule, 


det(R)f; =0,i=1,...,r. 
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However, det() = (—1)" + a for some a € m (being the value of the characteristic 
polynomial of R at 1). In particular det(J2) is invertible in A. This implies that f; = 0 
for all ¿, i.e., M = {0}. 














Corollary 14.8. 1. Let A be a local Noetherian ring and m be its maximal ideal. 
Elements a1,...,a, generate m if and only if their residues modulo m? span m/m? as 
a vector space over k = A/m. In particular, the minimal number of generators of the 
maximal ideal m is equal to the dimension of the vector space m/m?. 


Proof. Let M =m, N = (ay,...,a@,). Since A is Noetherian, M is a finitely generated 
A-module and N its submodule. By the assumption, M = mM-+N. By the Nakayama 
lemma, M =N. 














Corollary 14.9. The maximal ideal of a Noetherian local ring of dimension n cannot 
be generated by less than n elements. 














Proof. This follows from Proposition 14.4. 


Definition 14.3. A system of parameters in a local ring A is a set of n = dim A 
elements (a1, ..., an) generating an ideal whose radical is the maximal ideal, i.e., 


m C (a1,..., an) Cm 
for some s > 0). 


It follows from the proof of Proposition 14.4 that local rings Ox. always contain 
a system of parameters. A local ring is regular, if and only if it admits a system of 
parameters generating the maximal ideal. Such system of parameters is called a regular 
system of parameters. 

Let a1,...,@, be a system of parameters in Ox ,, Choose an U be an open affine 
neighborhood of x such that a1,...,@ņn are represented by some regular functions 
f1,---,¢n on U. Then V(@1,...,¢n) MU is equal to the closure of x in U corre- 
sponding to the prime ideal p C O(U) such that Ox, = O(U),). In fact, the radical 
of (¢1,...,n) must be equal to p. 


Example 14.10. 1. Let X be given by the equation Z? + Z3 = 0 and x = (0,0). 
The maximal ideal myx is generated by the residues of the two unknowns. It is easy 
to see that this ideal is not principal. The reason is clear: x is a singular point of X 
and embdim,.X = 2 > dim, X = 1. On the other hand, if we replace X by the set 
given by the equation z? + z3 + Z2 = 0, then mx,» is principal. It is generated by 
the germ of the function Z;. Indeed, Z? = —Z(Z3 +1) and the germ of Z2 + 1 at 
the origin is obviously invertible. Note that the maximal ideal m(X),, of O(X) is not 
principal. 
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2. Let x = (a,...,an) E k” C X = AR(K). The germs of the polynomials 
Zi— a; i= 1,...,n, form a system of parameters at the point x. For any polynomial 
F(Z1,...,Zn) we can write 


F(Z,,...,2n) = F(x) + >> - (£)(Zi — ai) GB oo Zn), 
i=1 i 





where G(Z1,..., Zn) € m2. Thus the cosets dZ; of Z; — a; mod my» form a basis 
of the linear space mx,s/M% „ and the germ Fy — F(x) = F(Z1,.-.,%n) — F(x) 
mod m3, is a linear combination of dZ1,...,dZn with the coefficients equal to the 


partial derivatives evaluated at x. Let ae denote the basis of T(X). dual to the basis 


dZ,,...,dZy,. Then the value of the tangent vector $; ai ag at Fy — F(x) is equal 
to 





This is also the value at F of the derivation of k|Z1,..., Zn] defined by the tangent 
vector 0, Mine. 


Let f: X =A"(K) > Y = A™(K) be a regular map given by a homomorphism 
k[T1,..-;Tm] > k[21,.--, Zn], Ti > Pi(Z1,..-, Zn). 
Let Oz = 0; aig € T(X)z, then 


(df )x(Ox)(Ti) = Ox( f° (Ti)) = Ox(Pi(Z15--+54n)) = 





From this we infer that the matrix of the differential (df), with respect to the bases 
oat Ree aa and OOOT},..., z- of T(X)s and T(Y) f(a), respectively, is equal to 


OP, OP, 
OZ, OZn 
OPm OPm 
OZ, ERR OZn 





Let f : X + Y be a regular map of algebraic sets. Recall that for every x € X 
with y = f(x) we have a homomorphism of local rings 


Try : Oyy => OX x- 
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Since fý (myy) C mx,z, we can define a homomorphism Oy.,/my.y > Ox2/Mx,2 
and passing to the fields of quotients we obtain an extension of fields k(x)/k(y). 
Also, fz, induces a linear map my. /my, => mx,c/M g where the target space is 
considered as a vector space over the subfield k(y) of k(x J, or equivalently a linear map 
of k(x)-spaces (my.,/my-,,) Qx (y)k(x) > myx,2/my,, The transpose map defines a 
linear map of the Zariski tangent spaces 


df, : O(X)z > O(Y )y Sky) k(x). (14.4) 


It is called the (Zariski) Zariski differential of f at the point x. 

Let Y bea closed subset of X and f : Y —> X be the inclusion map. Let U C X be 
an affine open neighborhood of a point x € X and let ¢1,...,, be equations defining 
Y in U. The natural projection O(X NU) > O(Y NU) = O(U N X)/(¢1,..-, br) 
defines a surjective homomorphism Ox, —> Oy. whose kernel is generated by the 
germs a; of the functions ¢;. Let G; be the residue of a; modulo my »- Then tea 
defines a surjective map myx,2/M a > my,2/my., whose kernel is the subspace E 
spanned by a@1,...,@,. The differential map is the inclusion map 


O(Y)s 2 Et = {1 € O(X), : I(E) = {0}} > O(X)s. (14.5) 

This shows that we can identify O(Y), with a linear subspace of O(X),. Let 

codim(O(Y )z, O(X)z) = dim O(X), — dim O(Y)., 

codimz(Y, X) = codim,X — codimzY, 

dx(Y, X) = codim,(Y, X) — codim(O(Y )z, O(X)z). (14.6) 

Then 
dim O(Y )z — codimzY = dim O(.X), — codimzX + ôz(Y, X). 

Thus we obtain 
Proposition 14.11. Let Y be a closed subset of X and x € Y. Assume z is a 


regular point of X, then 6,(Y,X) > 0 and x is a regular point of Y if and only if 
OY, X) = 0: 


In particular, x is a regular point of Y if and only if the cosets of the germs of 
the functions defining X in an neighborhood of x modulo my y span a linear subspace 
of codimension equal to codim,X — codim,Y. Applying Nakayama’s Lemma, we see 
that this is the same as saying that X can be locally defined by codim X — codim,Y 
equations in an open neighborhood of x whose germs are linearly independent modulo 
my» - 

For example, if Y is a hypersurface in X in a neighborhood of x, i.e. codim,Y = 
codim,X — 1, then z is a regular point of Y if and only if Y is defined by one equation 
in an open neighborhood of x whose germ does not belong to my »- 
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Definition 14.4. Let Y, Z be closed subsets of an algebraic set X, € YM Z. We 
say that Y and Z intersect transversally at the point x if X is nonsingular at x and 
codim(O(Y N Z)z, O(X).) = codim,(Y, X) + codim,(Z, X). (14.7) 
Since for any linear subspaces £1, Es of a linear space V we have 
(E1 + E2) = EEN EZ, 
using (14.5) we see that (14.7) is equivalent to 
codim(O(Y )z N O(Z)z, O(X)z) = codim, (Y, X) + codim,(Z, X). (14.8) 


Corollary 14.12. Let Y and Z be closed subsets of an algebraic set X which intersect 
transversally at x € X. Then 


(i) the linear subspaces O(Y )x,O(Z)q intersect transversally in O(X)x, i.e., 
codim(O(Y )zNO(Z)z, O(X)z) = codim(O(Y )z, O(X)z)+codim(O (Y )z, O(X)z); 


(ii) x is a regular point of YN Z; 
(iii) Y and Z are nonsingular at x. 
Proof. We have 
dx2(Y, X) = codim;(Y, X) — codim(O(Y )z, O(X)z) 2 0, 
ôz(Z, X) = codim,(Z, X) — codim(O©(Z)z, O(X)~) > 0. 
Since Y and Z intersect transversally at x, we obtain from (14.8) 
codim,(Y, X) + codim,(Z, X) = codim(O(Y )zN O(Z)z, O(X)az) < 


codim(O(Y ),, O(X)z) + codim(O(Z),, O(X)z) < codim,(Y, X) + codim,(Z, X). 
(14.9) 
This shows that all the inequalities must be equalities. This gives 


codim(O(Y )z O O(Z)z, O(X)z) = codim(O(Y)7, O(X)z) + codim(O(Z),, O(X).) 


proving (i), and 6,(Y, X) = 6;(Z, X) = 0 proving (iii). By Theorem 11.21 of Lecture 
11, we have dim, (Y N Z) > dim, X — dim,(Y) — dim,(Z). Applying Proposition 
14.2, we get codim,(Y N Z) > codim,Y +codim,Z. Together with inequality (14.9) 
we obtain 6,(Y N Z, X) = 0 proving assertion (ii). 
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Next we will show that every function from Ox, can be expanded into a formal 
power series in a set of local parameters at x. 

Recall that the k-algebra of formal power series in n variables k|[Z]] = k[[Z1,..., Zn] 
consists of all formal (infinite) expressions 


Pay a, 
r 


where r = (rj,...,T7) E€ N", ar € k, Z® = Zi"... Zg». The rules of addition and 
multiplication are defined naturally (as for polynomials). Equivalently, k|[Z]] is the set 
of functions P : N” > k,r — ar, with the usual addition operation and the operation 
of multiplication defined by the convolution of functions: 


(P«Q)(r) = ` PORQG). 


i+j=r 
The polynomial k-algebra k[Z1,...,Z,] can be considered as a subalgebra of 
k[[Z,...,;Zn]]. It consists of functions with finite support. Clearly every formal 
power series P € k[[Z]] can be written as a formal sum P = )); Pj, where Pj € 
k[Z1,..., Zn]; is a homogeneous polynomial of degree j. 


We set 
Pry =P+P+...+FP,. 


This is called the r-truncation of P. 


Theorem 14.13. (Taylor expansion). Let x be a regular point of an algebraic set X of 
dimension n, and {f1,..., fn} be a regular system of parameters at x. There exists a 
unique injective homomorphism ¢ : Ox, > k{[Z1,..., Zn]] such that for every i > 0 


F- (fg (fis... fn) E mgt. 


Proof. Take any f € Ox.» and denote by f(x) the image of f in k = Ox,/mx 2. 
Then f — f(a) € mx,z. Since the local parameters f1,..., fn generate Myx, we can 
find elements 91,.-.,9n E Ox,2 such that 


f =f a) oui t... PG 


Replacing f by gi, we can write similar expressions for the gis. Plugging them into 
the above expression for f, we obtain 


f=f@)+> aw ht > hohh, 
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where hij E€ Oxx. Continuing in this way, we will find a formal power series P = 
dU; P; such that 


(x) f- Pli- fn) Ema for any r > 0. 


Let us show that f +» P defines an injective homomorphism Ox s — k[[Z]] satisfying 
the assertion of the theorem. First of all, we have to verify that this map is well 
defined, i.e. property (*) determines P uniquely. Suppose there exists another formal 
power series Q(Z) = D Q; such that 


F- Qm- fn) E mga for any r > 0. 


Let r = min{j : Q; A Pj} and F = Q; — P; € k|Z1,..., Znļr \ {0}. Taking into 
account (x), we obtain that F(fi,..., fn) € Mae Making an invertible change of 
variables, we may assume that F'(0,...,0,1) 40, i.e., 


F(fi,---; fn) = Gof + Gil(fi,---)fn—1) f+ +...+Gr(fi,.--; fr—1) 


where Gi(Z, iii Ln) E€ k|Zı, ponsi Znal Go Æ 0. Since fi,..., fn generate MX g, 
we can write 


F(fi,- -3 fn) = E(f fn) fat Bol feet H Hrali fn) 


where H; € k[Z1,...,Zn—1];. After subtracting the two expressions, we get 


(Go Ai (fis-3 Fn) fn Sie fn-1)- 


Since Mi(fi,---; fn) € Mx z, Go—H1( fi,- -- , fn) is invertible and f? € (fi, -.., fn-1). 
Passing to the germs, we find that my. = (fi,---, fn) C rad(fi,..., fn-1), and 
hence (f1,---,fn) = (fi, ---, fn-1) because mx, is a maximal ideal. But then, by 
Krull’s Hauptidealsatz, dim x > 1, a contradiction. 

We leave to the reader to verify that the constructed map ¢: Ox, > k[[Z]] is a 
ring homomorphism. Let us check now that it is injective. It follows from the definition 
of this map that ¢(f) = 0 implies f € (mx,x)” for all r > 0. Let I = Nrm% z- By 
the following Artin-Rees Lemma mx,,J = J, hence, applying Nakayama’s lemma we 
obtain J = 0. 














Lemma 14.14. (Artin-Rees). Let A be noetherian commutative ring and m be an 
ideal in A. For any finitely generated A-module M and its submodule N, there exists 
an integer ng such that 


mm’ N N) = (m"H!M) AN, n>no. 
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We omit the proof which can be found in any text-book in commutative algebra. 


Definition 14.5. Let 6: Ox, > k|[Z1,.--, Zn]| be the injective homomorphism 
constructed in Theorem 14.1. The image ¢(f) of an element f € Oxx is called the 
Taylor expansion of f at x with respect to the local parameters f1,..., Jn- 


Corollary 14.15. The local ring Ox. of a regular point does not have zero divisors. 


Proof. Ox. is isomorphic to a subring of the ring k|[Z]] which, as is easy to see, does 
not have zero divisors . 














Corollary 14.16. A regular point of an algebraic set X is contained in a unique 
irreducible component of X. 


Proof. This immediately follows from Corollary 14.3. Indeed, assume x € Y,M Yo 
where Yı and Y> are irreducible components of X containing the point x. Replacing 
X by an open affine neighborhood, we may find a regular function fı vanishing on Yı 
but not vanishing on the whole Y2. Similarly, we can find a function fə vanishing on 
X \ Yı and not vanishing on the whole Yı. The product f = fi f2 vanishes on the 
whole X. Thus the germs of fı and f2 are the zero divisors in Ox... This contradicts 
the previous corollary. 














Remark 14.17. Note the analogy with the usual Taylor expansion which we learn 
in Calculus. The local parameters are analogous to the differences Ax; = x; — aj. 


The condition f — [P],(fi,---,fn) € mys is the analog of the convergence: the 
difference between the function and its truncated Taylor expansion vanishes at the 
point x = (a1,...,@,,) with larger and larger order. The previous theorem shows that 


a regular function on a nonsingular algebraic set is like an analytic function: its Taylor 
expansion converges to the function. 

For every commutative ring A and its proper ideal J, one can define the J-adic 
formal completion of A as follows. Let pn, : A/I"! > A/TI*+" be the canonical 
homomorphism of factor rings (n > k). Set 


Ar = {(.- 0k,- -3an --.) € [] (4/2) : Phelan) =ar forall n > k}. 
r>0 


It is easy to see that A; is a commutative ring with respect to the addition and 
multiplication defined coordinate-wise. We have a canonical homomorphism: 


i: A > Ar,a (ao, Q1,..-,@n,---) 


where an = residue of a modulo J”*+!. Note the analogy with the ring of p-adic 
numbers which is nothing else as the formal completion of the local ring Zop) of 
rational numbers Ẹ, p { b. 
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The formal I-adic completion Aisa completion in the sense of topology. One 
makes A a topological ring (i.e. a topological space for which addition and multi- 
plication are continuous maps) by taking for a basis of topology the cosets a + I”. 
This topology is called the I-adic topology in A. One defines a Cauchy sequence as 
a sequence of elements ap in A such that for any N > O there exists no( N) such 
that an — am € I for all n,m > no(N). Two Cauchy sequences {an} and {bn} 
are called equivalent if lim, (a, — bn) = 0, that is, for any N > 0 there exists 
no(N) such that an — bn € IN for all n > 0. An equivalence class of a Cauchy 
sequence {ap} defines an element of A as follows. For every N > 0 let ay be the 
image of a, in A/IN+! for n > no(N). Obviously, the image of ay4, in A/IN*+ 
is equal to ay. Thus (a9,Q1,...,@y,...) is an element from A. Conversely, any 
element (a9, Q1,-.-,Qn,.--) in A defines an equivalence class of a Cauchy sequence, 
namely the equivalence class of {an}. Thus we see that A is the usual completion of 
A equipped with the J-adic topology. 

If A is a local ring with maximal ideal m, then A denotes the formal completion 
of A with respect to the m-adic topology. Note that this topology is Hausdorff. To 
see this we have to show that for any a,b € A,a Æ b, there exists n > 0 such that 
a+m”Nb+m” = Í. this is equivalent to the existence of n > 0 such that a—b ¢ m”. 
This will follow if we show that N,>9m” = {0}. But this follows immediately from 
Nakayama’s Lemma as we saw in the proof of Theorem 14.13. Since the topology is 
Hausdorff, the canonical map from the space to its completion is injective. Thus we 
get 


ASA. 
Note that the ring A is local. Its unique maximal ideal th is equal to the closure 
of m in A. It consists of elements (0,a1,...,@n,...). The quotient A/m is iso- 
morphic to A/m = «. The canonical homomorphism (A) — A/m is of course 
(a0, @1,---+;@n,---) 4 ao. 


The local ring A is complete with respect to its ti-topology. A fundamental result 
in commutative algebra is the Cohen Structure Theorem which says that any complete 
Noetherian local ring (A,m) which contains a field is isomorphic to the quotient ring 
K([T1,...,Zn]], where « is the residue field and n = dim, m/m?. This of course applies 
to our situation when A = Ôx x, where x is not necessary a rational point of X. In 
particular, when x is a regular point, we obtain 


Ox S k(x) [[T1,..-, Tal] (14.10) 


which generalizes our Theorem 14.1. 

Let us use the isomorphism (14.10) to show that a nonsingular point is regular if 
assume that the extension k(x)/k is separable (i.e. can be obtained as a separable 
finite extension of a purely transcendental extension of k). We only sketch a proof. 
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We have a canonical linear map a: Dery (Ox.2, K) — Der,(Ox.2, K) corresponding 
to the inclusion map of the ring into its completion. Note that for any local ring (A, m) 
which contains k, the canonical homomorphism of A-modules 


pa : Der(A, K) > Hom, (m/m?, K) 


is injective. In fact, if M is its kernel, then, for any ô € M we have 6(m) = 0. This 
implies that for any a € m and any x € A, we have 0 = d(ax) = ad(x) + xd(a) = 
aô(x). Thus ad = 0. This shows that mM = 0, and by Nakayama’s lemma we get 
M = 0. Composing a with po, „ we obviously get Pox,” Since the latter is injective, 
q@ is injective. Now we show that it is surjective. Let 5 Der; (Ox, K). Since its 
restriction to my» is zero, we can define d(a + my ») for any a € Oxx. For any 
a = (z0, %1,...) E Ox, we set d(x) = 5(a1). It is easy to see that this defines a 
derivation of Ox,,,/m? such that p(d) = ô. 
So, we obtain an isomorphism of K-vector spaces: 


Der;,(Ox.2, K) = Der, (Ox, 2, K). 


By Cohen's Theorem, Ôx z © k(a)[[T1,..-,Tn]], where the pre-image of the field of 
constant formal series is a subfield L of Ox» isomorphic to k(x) under the projection 
to the residue field. It is clear that the pre-image of the maximal ideal (T),..., Tn) 
is the maximal ideal of Ox. Let Derz (Ôx z, K) be the subspace of Derz (Ôx, K) 
of derivation trivial on L. Using the same proof as in Lemma 13.3 of Lecture 13, we 
show that Derz (Ôx z, K) = O(X),. Now we have an exact sequence, obtained by 
restrictions of derivations to the subfield L: 


0 > Derz (Ôx z, K) > Derz(Ôx z, K) > Derz(L, K). (14.11) 
It is easy to see that dimg Der; (L, K) = algdim, L = algdim;,k(x). In fact, 
Der, (k(t, see ity), K) =~ Kk" 


(each derivation is determined by its value on each t;). Also each derivation can be 
uniquely extended to a separable extension. Thus exact sequence (14.11) gives 


dimg Der; (Ôx z, K) = dimg Der, (Ox,7, K) < embdim, X + algdim,k(2). 


This implies that embdim,(X) = dim Ox, and hence Ox.» is regular. 

Let (X,x) be a pair that consists of an algebraic set X and its point x € X. 
Two such pairs are called locally isomorphic if the local rings Ox, and Oy, are 
isomorphic. They are called formally isomorphic if the completions of the local rings 
are isomorphic. Thus any pair (X, a) where z is a nonsingular point of X is isomorphic 
to a pair (A” (K), 0) where n = dim, X. Compare this with the definition of a smooth 
(or complex manifold). 
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Theorem 14.18. A regular local ring is a UFD (= factorial ring). 


The proof of this non-trivial result can be found in Zariski-Samuel’s Commutative 
Agebra, vol. Il. See the sketch of this proof in Shafarevich's book, Chapter II, §3. It 
uses an embedding of a regular ring into the ring of formal power series. 


Corollary 14.19. Let X be an algebraic set, x € X be its regular point, and Y be a 
closed subset of codimension 1 which contains x. Then there exists an open subset U 
containing x such that Y NU = V (f) for some regular function on U. 


Proof. Let V be an open affine open neighborhood of x, g € I(Y MV), and let gy be 
the germ of g at x and fy be a prime factor of gy which has a representative f € O(U) 
vanishing on Y N U for some smaller affine neighborhood U of x. At this point we 
may assume that X = U. Since V(f) D Y and dimV(f) = dimY, Y is equal to 
some irreducible component of V(f), i.e., V(f) = Y UZ for some closed subset of 
U. If x € Z, then there exist regular functions h and h’ on X such that hh’ = 0 on 
V(f) but h #0 on Y and h’ #0 on Z. By Hilbert’s Nullstellensatz, (hh’)" € (f). 
Passing to the germs, we obtain that f,|(hzh!,)”. Since Ox, is factorial, we obtain 
that fs|he or felh. Therefore for some open neighborhood U’ C U, either h|U’ 
or h’|U’ vanishes identically on (Y U Z) A U’. This contradicts the choice of h and 
h’. This shows that x ¢ Z, and replacing U by a smaller open subset, the proof is 
complete. 














Here is the promised application. 

Recall that a rational map f : X—— Y from an irreducible algebraic set X to an 
algebraic set Y is a regular map of an open subset of X. Two rational maps are said 
to be equal if they coincide on an open subset of X. Replacing X and Y by open 
affine subsets, we find ourselves in the affine situation of Lecture 4. We say that a 
rational map f : X— — Y is defined at a point x € X if it can be represented by a 
regular map defined on an open subset containing the point x. A point x where f is 
not defined is called a indeterminacy point of f. 


Theorem 14.20. Let f : X—— Y bea rational map of a nonsingular algebraic set 
X toa projective set Y. Then the set of indeterminacy points of f is a closed subset 
of X each irreducible component of which is of codimension > 2. 


Proof. Since Y C P”(K) for some n, we may assume that Y = P”(K). Let U be 
the maximal open subset where f is represented by a regular map f : U > P"(K), 
and Z = X \ U. Assume Z contains an irreducible component of codimension 1. By 
Corollary 14.15, for any x € Z there exists an open neighborhood V of x such that 
ZAV = V(@) for some regular function ¢ on V. Restricting f to some smaller subset 
of D(¢) = V \ V(@) we may assume that f|D(¢) is given by n + 1 regular functions 
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d1,---,¢n41 on D(¢). Since Ox.» is factorial, we may cancel the germs (i)e by 
their common divisor to assume that not all of them are divisible by the germ ¢, of 
o. The resulting functions define the same map to P”(K). It is not defined at the 
set of common zeroes of the functions ¢;. Its intersection with Z cannot contain any 
open neighborhood of x, hence is a proper closed subset of Z. This shows that we 
can extend f to a larger open subset contradicting the maximality of U. 














Corollary 14.21. Any rational map of a nonsingular curve to a projective set is a 
regular map. In particular, two nonsingular projective curves are birationally isomorphic 
if and only if they are isomorphic. 


This corollary is of fundamental importance. Together with a theorem on resolution 
of singularities of a projective curve it implies that the set of isomorphism classes of 
field extensions of k of transcendence degree 1 is in a bijective correspondence with 
the set of isomorphism classes of nonsingular projective algebraic curves over k. 


Problems. 


1. Using Nakayama’s Lemma prove that a finitely generated projective module over a 

local ring is free. 

2. Problem 6 from Shafarevich, Chap. Il, §3. 

3. Let A be a ring with a decreasing sequence of ideals A= 0D D-DD- 

such that J; - I; C [i4; for all i, j. Let Grp(A) = £o: /i+1 with the obvious ring 

structure making Grp(A) a graded ring. Show that a local ring (A,m) of dimension 
i 


n is regular if and only Grp (A) = «/T),...,T,], where I; = m’. 


4. Let X = V(F) C A?(K) where F = Z? — Z2(Z2 +1). Find the Taylor expansion 
at (0,0) of the function Z mod (F) with respect to the local parameter Zı mod (F). 








5. Give an example of a singular point x € X such that there exists an injective 
homomorphism Ox 2 — k[[Zi]]. Give an example of a curve X and a point x € X 
for which such homomorphism does not exist. 

6. Let X = V(ZıZ2 + Z) C K*. Show that the line V(Z), Z3) C X cannot be 
defined by one equation in any neighborhood of the origin. 

7. Show that Theorem 15.10 is not true for singular projective algebraic curves. 

8*. Let X =V(Zj2.+ F(Z), Z2)) C A?(K) where F is a homogeneous polynomial 


of degree > 3. Show that Ox, = K[[T1, T2]]/(Tı T2) and hence the singularity (X, 0) 
and (V (Z1ıZ2), 0) are formally isomorphic. 
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Lecture 15 


Projective embeddings 


Lecture we shall address the following question: Given a projective algebraic k-set X, 
what is the minimal N such that X is isomorphic to a closed subset of P (K)? We 
shall prove that N < 2dim X + 1. For simplicity we shall assume here that k = K. 
Thus all points are rational, the kernel of the evaluation maps is a maximal ideal, the 
tangent space is equal to the Zariski tangent space, a regular point is the same as a 
nonsingular point. 


Definition 15.1. A regular map of projective algebraic sets f : X — P” (K) is called 
an embedding if it is equal to the composition of an isomorphism f’: X — Y and the 
identity map 7: Y —> P" (K), where Y is a closed subset of P” (K). 


Theorem 15.1. A finite regular map f : X — Y of algebraic sets is an isomorphism 
if and only if it is bijective and for every point x € X the differential map (df)z : 
T(X)z > T(Y) g(a) is injective. 


Proof. To show that f is an isomorphism it suffices to find an open affine covering 
of Y such that for any open affine subset V from this covering the homomorphism of 
rings f* : O(V) > O(f-1(V)) is an isomorphism. The inverse map will be defined 
by the maps of affine sets V — f—!(V) corresponding to the inverse homomorphisms 
(f*)~! : O(f-1(V)) + O(V). So we may assume that X and Y are affine and also 
irreducible. 

Let x € X and y = f(x). Since f is bijective, f—~'(y) = {a}. The homomorphism 
f* induces the homomorphism of local rings fy : Oy, > Ox,«. Let us show that it 
makes Ox, a finite Oy.,-module. Let m C O(Y) be the maximal ideal corresponding 
to the point y and let S = O(Y) \m. We know that Oy, = O(Y)g, and, since 
finiteness is preserved under localizations, O(X) f+ g) is a finite Oy,.-module. | claim 
that O(X) (s) = Oxx. Any element in Ox, is represented by a fraction a/8 € 
Q(O(X)) where B(x) 4 0. Since the map f is finite and bijective it induces a 
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bijection from the set (V (8)) of zeroes of 8 to the closed subset f(V(G)) of Y. Since 
y Z f(V(B)) we can find a function g € S vanishing on f(V(3)). By Nullstellensatz, 
f*(g)" = By for some r > 0 and some y € O(X). Therefore we can rewrite the 
fraction a/ in the form ay/f*(g)" showing that it comes from O(X) f(s). This 
proves the claim. 

By assumption f} : Oy. > Ox, induces a linear surjective map: 


cae : my /Myy = Mx,c/M » 


where ”t” stands for the transpose map of the dual vector spaces. Let h1,...,h, bea 
set of local parameters of Y at the point y. Their images fj (h1),..., fy (hk) in Mx x 
span Mx,2/M r As follows from Lecture 14, this implies that f} (hi),..., fy (hr) 


generate my. Therefore, 
Ja (myy )Ox,z = MxX,r. 


Since fj (Oyy) contains constant functions, and Ox, = k + Mx,x, we get 
Ox, z = fy (OYy) ar my, yO x, x. 


Having proved that O xz is a finitely generated Oy,,-module we may apply Nakayama’s 
lemma to obtain that 


Ox = Fy (Oy,y). 


Therefore the map fý : Oyy — Ox,» is surjective. It is obviously injective. Let 
$1,---,@m be generators of the O(Y)-module O(X). The germs (i)z belong to 
Ox.2 = f*(Oy,z) allowing us to write (i)e = f*((Wi)y), where p; are regular func- 
tions on some affine open neighborhood V of f(x). This shows that the germs of ¢; 
and f*(w;) at the point x are equal. Hence, after replacing V by a smaller set V” if 
needed, we can assume that #; = f*(w;) for some open subset U of f—!(V). Since 
X is irreducible we can further assume that U = f—!(V). If we replace again V by 
a principal open subset D(h) C Y, we get U = D(f*(h)), O(V) = O(Y)n, OU) = 
O(X) px(n), and the functions ¢;|U generate O(U) as a module over O(V). This im- 
plies that f* : O(V) > O(f—1(V)) is surjective, hence an isomorphism. This proves 
the assertion. 














Remark 15.2. The assumption of finiteness is essential. To see this let us take X to be 
the union of two disjoint copies of affine line with the origin in the second copy deleted, 
and let Y = V(Z,Z2) be the union of two coordinate lines in A?(K). We map the 
first copy isomorphically onto the lines Z; = 0 and map the second component of X 
isomorphically onto the line Z = 0 with the origin deleted. It is easy to see that all 
the assumptions of Theorem 15.1 are satisfied except the finiteness. Obviously, the 
map is not an isomorphism. 
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Definition 15.2. We say that a line £ in P” (K) is tangent to an algebraic set X at a 
point x € X if T(l), is contained in T(X), (both are considered as linear subspaces 
of T(P"(K))z). 


Let E be a linear subspace in P”(K’) defined by a linear subspace E of K"*!. For 
any point x = (ag,...,@n) € E defined by the line Ly = K(ao,...,@n) in F, the tan- 
gent space T(E)x can be identified with the factor space Hom (Lz, E/K (ag, ..., an) 
(see Example 13.2 of Lecture 13). The inclusion Æ C K”*" identifies it naturally with 
the subspace of T(P” (K))s = Homg (Lz, K"t!/L,). Now let X be a projective sub- 
set of P” (K) defined by a system of homogeneous equations F3 (Tọ, ..., Tn) =... = 
Fm(To,..., Tn) = 0 and let x € X. Then the tangent space T(X), can be identified 
with the subspace of T(P” (K))s defined by the equations 


oT; 





(0, =0, i=1,...m. (15.1) 
j=0 


Now we see that a line E is tangent to X at the point z if and only if EF is contained in 
the space of solutions of (15.1) In particular we obtain that the union of lines tangent 
to X at the point v is the linear subspace of P(A) defined by the system of linear 
homogeneous equations 





(212 = 0, i=1,...m. (15.2) 


It is called the embedded tangent space and is denoted by ET(X),. 


Lemma 15.3. Let X be a projective algebraic set in P"(K),a € P"(K) C X, the 
linear projection map pa : X —> P"—!(K) is an embedding if and only if every line £ 
in P"(K) passing through the point a intersects X in at most one point and is not 
tangent to X at any point. 


Proof. The induced map of projective sets f : X + Y = pa( X) is finite and bijective. 
By Theorem 15.1, it suffices to show that the tangent map (df). is injective. Without 
loss of generality we may assume that a = (0,...,0,1) and the map pa is given by 
restriction to X of the projection p : P”(K)\ {a} —> P"~1(K) is given by the formula: 


(To, eae Tr) = (To, ats lai) 


For any point x = (£0, .. . , £n) Æ a, we can identify the tangent space T(P” (K))s with 
the quotient space K"11/K(a1,..., £n), the tangent space T(P”~'(K)),,() with 
K"/K(a1,---,@n—1), and the differential (dpa), with the map K"t!/K(a1,...,2n) > 
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K"/K(ax1,...,@n—1) induced by the projection K"+! + K”. It is clear that its ker- 
nel is spanned by Ka + K(0,...,0,1)/Ka. But this is exactly the tangent space of 
the line £ spanned by the points x = (z0,..., £n) and a = (0,...,0,1). Thus the 
differential of the restriction of pg to X is injective if and only if the tangent space of 
the line Z is not contained in the tangent space T'(X),,. This proves the assertion. 














Lemma 15.4. Let X be a quasi-projective algebraic subset of P”(K) and x € X be 
its nonsingular point. Then ET(X). is a projective subspace in P”(K) of dimension 
equal tod = dim; X. 


Proof. We know that ET(X),. is the subspace of P” (K) defined by equation(15.2). So 
it remains only to compute the dimension of this subspace. Since x is a nonsingular 
point of X, the dimension of T(X), is equal to d. Now the result follows from 
comparing equations (15.1) and (15.2). The first one defines the tangent space T'(X ),. 
and the second ET(X).,. The (linear) dimension of solutions of both is equal to 


d+l=n+1- rank Č (a) = dimKxT(X)s + 1 = dim ET (X)s +1. 
j 

















Note that the previous lemma shows that one can check whether a point of a 
projective set X is nonsingular by looking at the Jacobian matrix of homogeneous 
equations defining X. 

Let 


Z = {(x,y,z) € P” (K) x P”(K) x P"(K): x,y,z E£ for some line 4}. 


This is a closed subset of P” (K) x P” (K) x P” (K) defined by the equations expressing 
the condition that three lines x = (x0,...,2n), Y = (Yo,---, Yn), Z = (20, - - -, Zn) are 
linearly dependent. The tri-homogeneous polynomials defining Z are the 3 x 3-minors 
of the matrix 


To s T 
E Ot 
TE sa T 


Let pig: Z + P” (K) x P” (K) be the projection map to the product of the first two 
factors. For any (x,y) € P”(K) x P”(K) 


<z, y> if cFy, 


p3(Pia ((£,y))) = = fr=y 


where < x,y > denotes the line spanned by the points z, y. 
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Let X be a closed subset of P” (K). We set 
Sech- = Pip (X x X \ Ay), 
Secx = closure of Sech- in Z. 


The projection pi2 and the projection p3 : Z — P” (K) to the third factor define the 
regular maps 
p:Secx > XxX, q:Secx > P”(K). 


For any (x,y) € X x X \ Ax the image of the fibre p™t (z, y) under the map q is 
equal to the line < x,y >. Any such lines is called a secant of X. The union of all 
honest secants of X is equal to the image of Sech under the map q. The closure of 
this union is equal to g(secx). It is denoted by Sec(X) and is called the secant variety 
of X. 


Lemma 15.5. Let X be an irreducible closed subset of P”(K). The secant variety 
Sec(X) is an irreducible projective algebraic set of dimension < 2dim X + 1. 


Proof. It is enough to show that sech- is irreducible. This would imply that secx and 
Sec(X) are irreducible, and by the theorem on dimension of fibres 


dim Sec% = dim(X x X) +1 =2dim X +1. 
This gives 
dim Sec(X) < dim Sec(X) = dim sec% = 2dim X +1. 


To prove the irreducibility of sech- we modify a little the proof of Lemma 12.7 of 
Lecture 12. We cannot apply it directly since sech- is not projective set. However, 
the map p” : sech + X x X \ Ax is the restriction of the projection sets (X x X \ 
Ax) x P"(K) > X x X \ Ax. By Chevalley’s Theorem from Lecture 9, the image 
of a closed subset of sech- is closed in X x X \ Ax. Only this additional property of 


the map f : X — Y was used in the proof of Lemma 12.7 of Lecture 12. 














Lemma 15.6. The tangential variety Tan( X) of an irreducible projective algebraic set 
of P”(K) is an irreducible projective set of dimension < 2 dim X. 


Proof. Let Z C X C P"(K) c P"(K) x P"(K) be a closed subset defined by 
equations (1), where æ is considered as a variable point in X. Consider the projection 
of Z to the first factor. Its fibres are the embedded tangent spaces. Since X is 
nonsingular, all fibres are of dimension dim X. As in the case of the secant variety 
we conclude that Z is irreducible and its dimension is equal to 2dim X. Now the 
projection of Z to P” is a closed subset of dimension < 2dim X. It is equal to the 
tangential variety Tan(X). 
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Now everything is ready to prove the following main result of this Lecture: 


Theorem 15.7. Every nonsingular projective d-dimensional algebraic set X can be 
embedded into P24+1, 


Proof. The idea is very simple. Let X C P”"(K), we shall try to project X into a 
lower-dimensional projective space. Assume n > 2d+ 1. Let a € P"(K)\ X. By 
Lemma 15.3, the projection map 


Pa: X > Y C PHK) 


is an isomorphism unless either x lies on a honest secant of X or in the tangential 
variety of X. Since all honest secants are contained in the secant variety Sec(X) of 
X, and 


dim Sec(X) <2dimX+1<n, dimTan(X) < 2dimX <n, 


we can always find a point a ¢ X for which the map pa is an isomorphism. Continuing 
in this way, we prove the theorem. 














Corollary 15.8. Every projective algebraic curve (resp. surface) is isomorphic to a 
curve (resp. a surface) in P?(K) (resp. P°(K)). 


Remark 15.9. The result stated in the Theorem is the best possible for projective 
sets. For example, the affine algebraic curve: V(T? + F,(T2)) = 0, where F, is a 
polynomial of degree n > 4 without multiple roots, is not birationally isomorphic to 
any nonsingular plane projective algebraic curve. Unfortunately, we have no sufficient 
tools to prove this claim. Let me give one more unproven fact. To each nonsingular 
projective curve X one may attach an integer g > 0, called the genus of X. If K = C 
is the field of complex numbers, the genus is equal to the genus of the Riemann surface 
associated to X. Each compact Riemann surface is obtained in this way. Now for any 
plane curve V(F’) C P?(K) of degree n one computes the genus by the formula 


(n= 1(n—2) 


g= 2 


Since some values of g cannot be realized by this formula (for example g = 2, 4,5) we 
obtain that not every nonsingular projective algebraic curve is isomorphic to a plane 
curve. 


Let Sec(X) be the secant variety of X. We know that it is equal to the closure of 
the union Sec(X)" of honest secant lines of X. A natural guess is that the comple- 
mentary set Sec( X) \ Sec(X)” consists of the union of tangent lines to X, or in other 
words to the tangential variety Tan(X) of X. This is true. 
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Theorem 15.10. Let X C P"(K) be a nonsingular irreducible closed subset of P” (K). 
Then 
Sec(X) = Sec(X)" U Tan(X). 


h and 


Proof. Since Sec(X) is equal to the closure of an irreducible variety Sec(X) 
Tan(X) is closed, it is enough to prove that Sec(X)" U Tan(X) is a closed set. 

Let Z ne the closed subset of X x P”(K) considered in the proof of Lemma 15.6. 
Its image under the projection to X is X, and its fibre over a point x is isomorphic 
to the embedded tangent space ET(X),. Its image under the projection to P” is the 
variety Tan( X). We can view any point (x, y) = ((%0,---,%n), (Yo,---;Yn)) € ET(X) 
as a pair r+ ye € K[e]"*! satisfying the equations F;(T) = 0. Note that for X = P” 
we have ET(X) = P” xP”. Consider a closed subset Z of ET(X) x ET(X) x ETP" (K) 


defined by the equations 
rank[x + ey, 2’ + ey’, 2” + ey”] < 3, (15.3) 


where the matrix is of size 3 x (n+ 1) with entries in K[e]. The equations are of course 
the 3 x 3-minors of the matrix. By Chevalley’s Theorem, the projection Z’ of Z to 
ET(X) x ET(X) is closed. Applying again this theorem, we obtain that the projection 
of Z’ to P” is closed. Let us show that it is equal to Sec”(X) U Tan(X). 

It is clear that the image (x, 2’, x”) of z = (x + ey, 2’ +ey',v"+ey’) in XxXxX 
satisfies rank[zx, x’, 2] < 3. This condition is equivalent to the following. For any 
subset I of three elements from the set {0,...,n} let Jar + eyr, x, + ey), 27 + ey] | 
be the corresponding minor. Then equation (15.3) is equivalent to the equations 


lar + eyr, xy + ey), £} + ey;| = 0. 


Or, equivalently, 
|r, £7, £7 = 0, (15.4) 


[£r Yp Eil a ler, £r yrl + |yr, £r, x| =0. (15.5) 


Suppose equations (15.4) and (15.5) are satisfied. Then (15.4)) means that the point 
x” € P” lies in the line spanned by the points x, x’ or rank[x, x'] = 1. In the first case 
we obtain that z” € Sec’(X). Assume z = 2’ as points in P”. Then (15.5) gives 
lz, £7, yj — yr| = 0. Since (x,y) and (z,y’) lie in ET(X)z, we obtain that x” lies 
on the line spanned by a point x and a point in ET(X),. Hence x” € ET(X)s. This 
proves the assertion. 














Remark 15.11. If X is singular, the right analog of the embedded tangent space ET (X ) 
is the tangent cone CT(X),. It is defined as the union of limits of the lines < z, y > 
where y € X. See details in Shafarevich’s book, Chapter II, §1, section 5. 
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Definition 15.3. A closed subset X C P"(K) is called non-degenerate if it is not 
contained in a hyperplane in P” (K). A nondegenerate subset is called linearly normal 
if it cannot be obtained as an isomorphic projection of some X’ c P™+!(K). 


Theorem 15.12. Let X be a nonsingular irreducible nondegenerate projective curve in 
P3(K). Then X cannot be isomorphically projected into P?(K) from a point outside 
X. In particular any plane nonsingular projective curve of degree > 1 is linearly normal. 


Proof. Applying Theorem 15.10 and Lemma 15.3, we have to show that Sec(X) = 
P3(K). Assume the contrary. Then Sec(X) is an irreducible surface. For any x € 
X,Sec(X) contains the union of lines joining x with some point y Æ x in X. Since X 
is not a line, the union of lines < x,y >,y € Y,y Æ x, is of dimension > 1 hence equal 
to Sec( X). Pick up three non-collinear points x,y,z € X. Then Sec(X) contains the 
line < x,y >. Since each point of Sec(X) is on the line passing through z, we obtain 
that each line < z,t >,t E< x,y > belongs to Sec(X). But the union of these lines 
is the plane spanned by x,y,z. Thus Sec(X) coincides with this plane. Since X is 
obviously contained in Sec(X) this is absurd. 














The next two important results of F. Zak are given without proof. 


Theorem 15.13. Let X be a nonsingular nondegenerate closed irreducible subset of 
P” (K) of dimension d. Assume Sec(X) 4 P”(K). Then 


3d 
>2+—. 
n= t5 


In particular, any nonsingular nondegenerate d-dimensional closed subset of P” (K) is 
linearly normal if n < a 


If d = 2, this gives that any surface of degree > 1 in P?(K) is linearly normal. 
This bound is sharp. To show this let us consider the Veronese surface X = v2(P?(K) 
in P°(K). Then we know that it is isomorphic to the set of symmetric 3 x 3-matrices 
of rank 1 up to proportionality. It is easy to see, by using linear algebra, that Sec(X) 
is equal to the set of symmetric matrices of rank < 2 up to proportionality. This is 
a cubic hypersurface in P?(K) defined by the equation expressing the determinant of 
symmetric matrix. Thus we can isomorphically project X in P*(K). 


Remark 15.14. According to a conjecture of R. Hartshorne, any non-degenerate non- 
singular closed subset X C P”(K) of dimension d > 2n/3 is a complete intersection 
(i.e. can be given by n — d homogeneous equations). 


Definition 15.4. A Severi variety is a nonsingular irreducible algebraic set X in P” (K) 
of dimension d = 2(n—2)/3 which is not contained in a hyperplane and with Sec( X) # 
P”(K). 
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The following result of F. Zak classifies Severi varieties in characteristic 0: 


Theorem 15.15. Assume char(K) = 0. Each Severi variety is isomorphic to one of 
the following four varieties: 


e (n= 2) the Veronese surface v2(P?(K)) c P3(K); 

e (n = 4) the Segre variety so.2(P?(K) x P?(K)) c P§(K); 

e (n =8) the Grassmann variety G(2,6) C P!4(K) of lines in P°(K); 
e (n = 16) the E¢-variety X in P?(K). 


The last variety (it was initially missing in Zak's classification and was added to 
the list by R. Lazarsfeld) is defined as follows. Choose a bijection between the set of 
27 lines on a nonsingular cubic surface and variables Tọ, ...,Təę. For each triple of 
lines which span a tri-tangent plane form the corresponding monomial T;T}jTk. Let F 
be the sum of such 45 monomials. Its set of zeroes in P?°(K) is a cubic hypersurface 
Y =V(F). It is called the Cartan cubic. Then X is equal to the set of singularities 
of Y (it is the set of zeroes of 27 partial derivatives of F) and Y equals Sec(X). 
From the point of view of algebraic group theory, X = G/P, where G is a simply 
connected simple algebraic linear group of exceptional type Eg, and P its maximal 
parabolic subgroup corresponding to the dominant weight w defined by the extreme 
vertex of one of the long arms of the Dynkin diagram of the root system of G. The 
space P?°(K) is the projectivization of the representation of G with highest weight w. 

We only check that all the four varieties from Theorem 15.15 are in fact Severi 
varieties. Recall that the Veronese surface can be described as the space of 3 x 3 
symmetric matrices of rank 1 (up to proportionality). Since a linear combination of 
two rank 1 matrices is a matrix of rank < 2, we obtain that the secant variety is 
contained in the cubic hypersurface in P° defining matrices of rank < 2. Its equation 
is the symmetric matrix determinant. It is easy to see that the determinant equation 
defines an irreducible variety. Thus the dimension count gives that it coincides with 
the determinant variety. Similarly, we see that the secant variety of the Segre variety 
coincides with the determinant hypersurface of a general 3 x 3 matrix. The third 
variety can be similarly described as the variety of skew-symmetric 6 x 6 matrices of 
rank 2. Its secant variety is equal to the Pfaffian cubic hypersurface defining skew- 
symmetric matrices of rank < 6. Finally, the secant variety of the EK¢-variety is equal 
to the Cartan cubic. Since each point of the Severi variety is a singular point of the 
cubic, the restriction of the cubic equation to a secant line has two multiple roots. 
This easily implies that the line is contained in the cubic. To show that the secant 
variety coincides with the cartan cubic is more involved, One looks at the projective 
linear representation of the exceptional algebraic group G of type Eg in P”? defining 
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the group G. One analyzes its orbits and shows that there are only three orbits: the 
E¢-variety X, the Cartan cubic with X deleted and P76 with Cartan cubic deleted. 
Since the secant variety is obviously invariant under the action of G, it must coincide 
with the Cartan cubic. 

Note that in all four cases the secant variety is a cubic hypersurface and its set of 
singular points is equal to the Severi variety. In fact, the previous argument shows that 
the secant variety of the set of singular points of any cubic hypersurface is contained 
in the cubic. Thus Theorem 15.15 gives a classification of cubic hypersurfaces in P” 
whose set of singular points is a smooth variety of dimension 2(n — 2) /3. 

There is a beautiful uniform description of the four Severi varieties. Recall that 
a composition algebra is a finite-dimensional algebra A over a field K (not necessary 
commutative or associative) such that there exists a non-degenerate quadratic form 
®: A —> K such that for any z,y E€ A 


D(x - y) = (x) O(y). 


According to a classical theorem of A. Hurwitz there are four isomorphism classes 
of composition algebras over a field K of characteristic 0: K,Co,Ha and Oc of 
dimension 1, 2,4 and 8, respectively. Here 


Co = K @ K, (a,b) - (a’,b’) = (aa’ — bb’, ab’ + a'b), 


Ha =Co®Co,(2,y): (x,y) = (£ -x -7yr y +y: T), 
Oc = Ha 9 Ha, (h, g): (W,g) = (h: —9:g,h:g' +g- h), 





where for any x = (a,b) € Co we set z = (a, —b), and for any h = (x,y) € Ha we 
set h = (Z,—y). The quadratic form ® is given by 


Dia) = 7, 


where Z is defined as above for A = Ca and H, t= x for A= K, and & = (h, —h’) 
for any x = (h,h’) € Oc. 

For example, if K = R, then Co = C (complex numbers), Ha = H (quaternions), 
Oc = O (octonions or Cayley numbers). 

For every composition algebra A we can consider the set H3(A) of Hermitian 
3 x 3-matrices (a;;) with coefficients in A, where Hermitian means aj; = jj. Its 
dimension as a vector space over K equals 3 + 3r, where r = dimg A. There is 
a natural definition of the rank of a matrix from H3(A). Now Theorem 15.15 says 
that the four Severi varieties are closed subsets of P?"+? defined by rank 1 matrices in 
H3(A). The corresponding secant variety is defined by the homogeneous cubic form 
representing the “determinant” of the matrix. 
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Let us define P”(A) for any composition algebra as A"*!\ {0}/A*. Then one view 
the four Severi varieties as the “Veronese surfaces” corresponding to the projective 
planes over the four composition algebra. 

As though it is not enough of these mysterious coincidences of the classifications, 
we add one more. Using the stereographic projection one can show that 


PH(R) = S1, P(c)=s?, P!(H)= 5t, Pt(O)= S$, 
where S* denote the unit sphere of dimension k. The canonical projection 
A? \ {0} > P! (A) = S* 
restricted to the subset {(x, y) € R? : x- Z +y: y = 1} = 9?! defines a map 
n: Ger Gt 


which has a structure of a smooth bundle with fibres diffeomorphic to the sphere 
S"! = {x € A* :x- g= 1}. In this way we obtain 4 examples of a Hopf bundle: a 
smooth map of a sphere to a sphere which is a fibre bundle with fibres diffeomorphic to 
a sphere. According to a famous result of F. Adams, each Hopf bundle is diffeomorphic 
to one of the four examples coming from the composition algebras. 

Is there any direct relationship between Hopf bundles and Severi varieties? 


Problems. 

1. Let X be a nonsingular closed subset of P”(A’). Show that the set J(X) of secant 
or tangent lines of X is a closed subset of the Grassmann variety G(2,n + 1). Let 
X = v3(P!(K)) be a twisted cubic in P3(K). Show that J(X) is isomorphic to 
P2(K). 

2. Find the equation of the tangential surface Tan(X) of the twisted cubic curve in 
P3(K), 

3. Show that each Severi variety is equal to the set of singular points of its secant 
variety. Find the equations of the tangential variety Tan( X). 

4. Assume that the secant variety Sec(X) is not the whole space. Show that any X 
is contained in the set of singular points of Sec(X). 

5. Show that a line @ is tangent to an algebraic set X at a point x € X if and only if 
the restriction to £ of any polynomial vanishing on X has the point x as its multiple 
root. 

6*. Let X be a nonsingular irreducible projective curve in P”(K). Show that the 
image of the Gauss map g : X — G(2,n + 1) is birationally isomorphic to X unless 
X is a line. 
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Lecture 16 


Blowing up and resolution of 
singularities 


Let us consider the projection map pa : P”(K) \ {a} > P”-1(K). If n > 1 it is 
impossible to extend it to the point a. However, we may try to find another projective 
set X which contains an open subset isomorphic to P” (K) \ {a} such that the map 
Da extends to a regular map Pa : X — P”"~!(K). The easiest way to do it is to 
consider the graph T C P”(K) \ {a} x P"-!(K) of the map pa and take for X its 
closure in P?(K) x P”-!(K). The second projection map X — P”—!(K) will solve our 
problem. It is easy to find the bi-homogeneous equations defining X. For simplicity 
we may assume that a = (1,0,...,0) so that the map Pa is given by the formula 
(%0,2,.--,2n) > (£1,..., 2n). Let Zo,...,Zn be projective coordinates in P”(K) 
and let Ti, ..., Ta be projective coordinates in P”—!(K’). Obviously, the graph T is 
contained in the closed set X defined by the equations 


ZiT; — Z;T; =0,i,j =1,...,n. (16.1) 


The projection q : X — P"—!(K) has the fibre over a point t = (t1,...,tn) equal to 
the linear subspace of P” (K) defined by the equations 


Ziti — Zjti =0,7,9 = 1,...,n. (16.2) 


Assume that t; = 1. Then the matrix of coefficients of the system of linear equations 
(16.2) contains n — 1 unit columns so that its rank is equal to n — 1. This shows 
that the fibre q~!(t) is isomorphic, under the first projection X — P"(K), to the line 
spanned by the points (0,t1,...,tn) and (1,0,...,0). On the other hand the first 
projection is an isomorphism over P”(K) \ {0}. Since X is irreducible (all fibres of 
q are of the same dimension), we obtain that X is equal to the closure of T. By 
plugging z1 = ... Zn in equations (16.2) we see that the fibre of p over the point 
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a = (1,0,...,0) is isomorphic to the projective space P”71(K). Under the map q this 
fibre is mapped isomorphically to P”~!(K). 

The pre-image of the subset P” (K) \V (Zo) = A” (A) under the map p is isomor- 
phic to the closed subvariety B of A” (K) x P”-!(K) given by the equations (*) where 
we consider Z1,..., Zn as inhomogeneous coordinates in affine space. The restriction 
of the map p to B is a regular map o : B + A” (K) satisfying the following properties 


(i) alo“ !(A"(K) \ {(0,...,0)}) + A" (K) \ {(0,...,0)} is an isomorphism; 
(ii) o1(0,...,0) = P?-1(K). 


We express this by saying that ø “ blows up” the origin. Of course if we take n = 1 
nothing happens. The algebraic set B is isomorphic to A”(K). But if take n = 2, 
then B is equal to the closed subset of A?(K) x PH(K) defined by the equation 


Z2To — TZ, = 0. 


It is equal to the union of two affine algebraic sets Vo and V; defined by the condition 
To Æ 0 and Tı Æ 0, respectively. We have 





Vo = V(Z2— XZ) C A?(K) x P!(K)o, X =T1/To, 











Vi =V(Z2Y - Z1) CA(K)xP(K), Y =To/Th. 


If L : Z2 — tZı = 0 is the line in A?(K) through the origin “with slope” t, then the 
pre-image of this line under the projection ø : B — A?(K) consists of the union of 
two curves, the fibre E & P!(K) over the origin, and the curve L isomorphic to L 
under ø. The curve L intersects E at the point ((0,0),(1,t)) € Vo. The pre-image 
of each line L with the equation tZə — Z, consists of Æ and the curve intersecting 
E at the point ((0,0), (t,1)) € Vi. Thus the points of Æ can be thought as the set 
of slopes of the lines through (0,0). The "infinite slope” corresponding to the line 
Zı = 0 is the point (0,1) EVN E. 

Let I be an ideal in a commutative ring A. Each power I” of I is a A-module and 
IPI" c I®*™ for every n,r > 0. This shows that the multiplication maps J” x I” > 
I"*" define a ring structure on the direct sum of A-modules 


A(I) = @n>ol”. 


Moreover, it makes this ring a graded algebra over A = A(I)o = I°. Its homogeneous 
elements of degree n are elements of J”. 

Assume now that T is generated by a finite set fo,..., fn of elements of A. Consider 
the surjective homomorphism of graded A-algebras 


: AlT,...,Ta] + ACD) 
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defined by sending T; to fi. The kernel Ker(@) is a homogeneous ideal in A[To,..., Tn]. 
If we additionally assume that A is a finitely generated algebra over a field k, we can 
interpret Ker(¢) as the ideal defining a closed subset in the product X x P? where X 
is an affine algebraic variety with O(X) = A. Let Y be the subvariety of X defined 
by the ideal J. 


Definition 16.1. The subvariety of X x P? defined by the ideal Ker(@) is denoted 
by By(X) and is called the blow-up of X along Y. The morphism o : By(X) > X 
defined by the projection X x P% —> X is called the monoidal transformation or the 
o-process or the blowing up morphism along Y. 


Let us fix an algebraically closed field K containing k and describe the algebraic 
set By (X)(K) as a subset of X (i) x P" (Kr). Let U; = X x (P"(K)); and By (X); = 
By(X)NU;. This is an affine algebraic k-set with 


O(By(X)i) = O(X)|To/Ti. ---,Tn/Til/Ker(@)s 


where Ker(@); is obtained from the ideal Ker(ġ) by dehomogenization with respect 
to the variable T;. The fact that the isomorphism class of By(X) is independent of 
the choice of generators fp,..., fn follows from the following 


Lemma 16.1. Let Y C X xP?(K) and Y’ C X xPi(K) be two closed subsets defined 
by homogeneous ideals I C O(X)[To,...,Tn] and J C O(X)|T§,..., TJ, respectively. 
Letp:Y — X and p' : Y' — X be the regular maps induced by the first projections 
X x Pi(K) > X and X x Pi (kK) > X. Assume that there is an isomorphism of 
graded O(X)-algebras y : O(X)[Tj,...,T/]/I! + O(X)[To,..-,Tn]/L. Then there 
exists an isomorphism f : Y — Y’ such that p= p'o f. 


Proof. Let t; = T/ mod I',t; = T; mod J, and let 
CGA eee Ga epee Fr en OS ee 


for some polynomial F;|To,...,Tn]. Since w is an isomorphism of graded O(X)- 
algebras the polynomials F;(T) are linear and its coefficients are regular functions on 
X. The value of F; at a point (x,t) = (x, (to,...,tn)) in X x P?(K) is defined 
by plugging x into the coefficients and plugging t into the unknowns Tj. Define 
f:Y — Y' by the formula: 


f(x,t) = (x, (Folz, t),..., Falz, t))) 


Since % is invertible, there exist linear polynomials G; (T) € O(X)[ZG,...,T/],7 = 
0,...,7, such that 


F;(Golth,--- th) eG (taeda) = ti i = 0 at 
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G;(Folto,.--,tn),---, Fn(to,---,tn)) = tj, j =0,...,n. 


This easily implies that f is defined everywhere and is invertible. The property p = p'o f 
follows from the definition of f. 














Example 16.2. We take X = A?(K),O(X) = k|Z1, Z2}, I = (Z1, Z2), Y = V(I) = 
{(0,0)}. Then @: k[Z1, Z2][Zo,T1] > k[Z1, Z2|(T) is defined by sending To to Z4, 
and Tı to Z2. Obviously, Ker(@) contains Z2Toọ — ZıTı. We will prove later in 
Proposition 16.6 that Ker(@) = (Z2To — ZıTı). Thus By(X) coincides with the 
example considered in the beginning of the Lecture. 


Lemma 16.3. Let U = D(f) C X bea principal affine open subset of an affine set 
X, then 
Bynu(U) S o~} (U). 


Proof. We have O(U) = O(X);,1(Y NU) = L(Y )y. If I(Y) is generated by 
fo,---, fn then I(Y A U) is generated by fo/1,...,fn/1, hence Bypnuy is defined 
by the kernel of the homomorphism 

bp : O(X) s[T0,.--, In] > OWUY) 4), Ti > fi/1. 
Obviously, the latter is obtained by localizing the homomorphism of O(X )-algebras 


$: O(X)ITb,...,Ta] + O(X)(I(Y)), Ti > fi 


Therefore the kernel of dy is isomorphic to (Ker(@)) ¢. The set of zeroes of this ideal 
is equal to a !(D(f)). 














Proposition 16.4. The blow-up o : By(X) — X induces an isomorphism 
ao H(X \Y)S X\Y. 


Proof. Itis enough to show that for any principal open subset that U = D(f) c X\Y 
the induced map a !(U) — U is an isomorphism. Since Y C X \ U and I(Y) is 
radical ideal, f must belong to I(Y). Thus [(Y)s = O(X)ş and, taking 1 as a 
generator of I(Y), we get O(X);((1) = O(X) yf, and the map ¢f : O(X)s [To] —> 
O(X)+,To — 1 has the kernel equal to (Tọ — 1). Applying the previous Lemma, we 
get By(D(f)) = D(f) =o 1(D(f)). This proves the assertion. 














To find explicitly the equations of the blow-up By(X), we need to make some 
assumptions on X and Y. 
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Definition 16.2. Let A be a commutative ring. A sequence of elements a1,...,@n € A 
is called a regular sequence if the ideal generated by a 1,...,@, is a proper ideal of A 
and, for any i = 1,...,n, the image of a; in A/(a1,...,ai—-1) is a non-zero divisor 


(we set ap = 0). 


Lemma 16.5. Let M be a module overa commutative ring A. Assume that for any 
maximal ideal m of A, the localization Mm = {0}. Then M = {0}. 


Proof. Let x € M. For any maximal ideal m C A, there exists am ¢ m such that 
Gmx = 0. The ideal of A generated by the elements am is the unit ideal. Hence 
1 = 0, bmam for some bm € A and 


£=12= }° anisl: 


m 











This proves the assertion. 





Proposition 16.6. Let ao,...,a, be a regular sequence of elements in an integral 
domain A and let I be the ideal generated by aj,...,@n. Then the kernel J of the 
homomorphism 

@: A[To,..-,In] > AU), T; > a, 


is generated by the polynomials P;; = aiT; — ajTj,1,j =0,...,n. 


Proof. Let J’ be the ideal in A[To,..., Tn] generated by the polynomials P;;. Let Ao = 
Alag] & Aa be the subring of the quotient field Q(A) of A, Io = (a1/ao,.. . ,an/ao) C 
Ag. Define a homomorphism ¢o : A|Zı,..., Zn] — Aol[Lo] via sending each Z; to 
a;/ag. We claim that Jo = Ker(¢o) is equal to the ideal Jj generated by the poly- 
nomials L; = agZ; — a;. Assume this is so. Then for any F(Tọ,..., Tn) E Ker(), 
after dehomogenizing with respect to To, we obtain that F(1, Z1,...,Z,) belongs 
to Ji. This would immediately imply that TÑ F € J’ for some N > 0. Replac- 
ing To with T;, and fo with fi, we will similarly prove that TNF € J’ for any 
i =0,...,n. Now consider the A-submodule M of A[To,...,T,]/J’ generated by F. 
Since TN F = 0,1 = 0,...,n, it is a finitely generated A-module. For any maximal 
ideal m C A let P;; = (a; mod m)T; — (a; mod m)T;. The ideal in (A/m)[To,... , Tn] 
generated by the linear polynomials Pj is obviously prime. Thus TNF = 0 implies 
M & A/m = {0}. Applying Nakayama’s Lemma we infer that, for any maximal ideal 
m C A, the localization Mm is equal to zero. By the previous lemma this gives M = 0 
so that F € J’. 

It remains to show that Ker(¢o) is generated by by the polynomials L; = ap Z;— a;i. 
We use induction on n. Assume n = 1. Let F € Ker(¢o), i.e., do(F(Z1)) = 
F(ai/ao) = 0. Dividing by Lı = apZ — a1, we obtain for some G(Z1) € A[Zı] and 
r>0 

apF'(Z1) = G(Zı)(aoZ1 = a1) = aoG(Z1)Zı = a,G(Z}). 
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Since (ao, a1) is a regular sequence, this implies that G(a) € (ao) for any a € A. From 
this we deduce that all coefficients of G(Z1) are divisible by ap so that we can cancel 
ao in the previous equation. Proceeding in this way we find, by induction on r, that 
F is divisible by L4. 

Now assume n > 1 and consider the map @¢ as the composition map 


A|Zı, ae ., Zn] = A'[Za, ae gZr] = Ao|[Io| = A'[T], 


where A’ = Af|aı /ao] is the subalgebra of Ag generated by a1 /ao, and I’ = (a2/ao,..., 
an/ao). It is easy to see that ag,...,@, is a regular sequence in A’. By induction, 
Lə,..., Ln generate the kernel of the second map A’[Zo,..., Zn] — AoHo]. Thus 
F(21,...,Zn) E€ Ker(@o) implies 


n 
F'(a1/ao, Z2, eeg Zn) = > Qi (a1/ao, Z2, any Zn)Li, 
i=2 


for some polynomials Q;(Z1,..., Zn) € A[Z1,..., Zn]. Thus by the case n = 1 


n 


F(Z, zg Zn) _— X Qi(a1/ao, Z2, Sa sg Zn)Li € (Li), 
1=2 











and we are done. 





Example 16.7. Take A = k|Z1,..., Zn], I = (ao,.--,@n) = (Zı,...,Zn+1) to 
obtain that the blow-up Byin (Ap )(K)) is a subvariety of AN x P? given by the 
equations 

ToZ; — Ti-121 =0,t=1,...,n+1. 


This agrees with Example 16.2 


The assertion of Proposition 16.6 can be generalized as follows. Let a1,..., an 
be a regular sequence in A. Consider the free module A” with basis e1,...,@, and 
let A” A” be its r-th exterior power. It is a free A-module with basis formed by the 
wedge products e; A^... Aei where 1 < ii <... ip <n. For each r = l,...,n. 
Define the map 


r r—1 
ð: \ A" > NA 
by the formula 


Oey A... A ei) = X (1 aiei Naaa N Ciji A Ciji ee A Cip 


i 
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Now the claim is that the complex of A-modules (called the Koszul complex) 


n n-1 2 1 
{0} + AL > NÆ >... 3 AAP NA > A> Alu,- 0m) {0} 


is exact. The previous proposition asserts only that this complex is exact at the term 
1 
N\A. 


Proposition 16.8. Let X be an affine irreducible algebraic k-set, I be an ideal in 
O(X) generated by a regular sequence (fo,..., fn), and let Y = V(I) be the set of 
zeroes of this ideal. Leto : By (X) — X be the blow-up of X along Y. Then for any 
LEY, 

o~! (x) S P”(K). 


The pre-image of every irreducible component of Y is an irreducible subset of By (X) 
of codimension 1. 


Proof. By Proposition 16.6, Z = By (X) is a closed subset of X x P”(K) defined by 
the equations 
Tofi — Ti fo = 0,1 = 1, n. 


For any point y € Y we have foly) =... = fn(y) = 0. Hence for any t € P” (K), the 
point (y, t) is a zero of the above equations. This shows that a !(y) is equal to the 
fibre of the projection X x P” (K) —> X over y which is obviously equal to P”(A’). For 
each irreducible component Y; of Y the restriction map ø : o~ '(Y;) — Y; has fibres 
isomorphic to n-dimensional projective spaces. By Lemma 12.7 of Lecture 12 (plus 
the remark made in the proof of Lemma 15.5 in Lecture 15) we find that o 1(Y;) is 
irreducible of dimension equal to n + dim Y;. By Krull’s Hauptidealsatz, dim Y; = 
dim X — n — 1 (here we use again that (fo,..., fn) is a regular sequence). 























Lemma 16.9. Let X be a nonsingular irreducible affine algebraic k-set, Y be a non- 
singular closed subset of X. For any x € Y with dim, Y = dim, X — n there exists 
an affine open neighborhood U of x in X such that Y QU =V (fi,..., fn) for some 
regular sequence (f1,..., fn) of elements in O(U). 


Proof. Induction on n. The case n = 1 has been proven in Lecture 13. Let fo € I(Y) 
such that its germ (fo) in mx, does not belong to my »- Let Y” = V(fo). By Lemma 
14.7 from lecture 14, T(Y"). is of codimension 1 in T(X),. By Krull’s Hauptidealsatz, 
dim, Y’ = dim X —1, hence Y” is nonsingular at x. Replacing X with a smaller open 
affine set U, we may assume that Y’NU is nonsingular everywhere. By induction, for 
some V C Y’,Y MV is given in V by an ideal (f1, ..., fn) so that Y is given locally 
by the ideal (fo,..., fr). Now the assertion follows from the following statement from 
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Commutative Algebra (see Matsumura, pg.105): A sequence (a1,...,@n) of elements 
from the maximal ideal of a regular local ring A is a regular sequence if and only if 
dim A/(a1,...,a@n) = dim A—n. By this result, the germs of fo,..., fn in Oxo 
form a regular sequence. Then it is easy to see that their representatives in some 
O(U) form a regular sequence. 














Theorem 16.10. Let o : By(X) —> X be the blow-up of a nonsingular irreducible 
affine algebraic k-set X along a nonsingular closed subset Y. Then the following is 
true 


(i) o is an isomorphism outside Y ; 
(ii) By(X) is nonsingular; 


(iii) for any y € Y,o-*(y) S P"(K), where n = codim,(Y,X) — 1 = dim X — 
dim, Y — 1; 


(iv) for any irreducible component Y; of Y, oTt (Y;) is an irreducible subset of 
codimension one. 


Proof. Properties (i) and (iv) have been already verified. Property (iii) follows from 
Proposition 16.8 and Lemma 16.9. We include them only for completeness sake. Using 
(i), we have to verify the nonsingularity of By (X) only at points 2’ with o(a’) = 
y € Y. Replacing X by an open affine neighborhood U of y, we may assume that 
Y = V(I) where I is an ideal generated by a regular sequence fo,..., fn. By Lemma 
16.3, a 1(U) & Bypu(U) so that we may assume X = U. By Proposition 16.6, 
By(X) c X x P}(K) is given by the equations: f;7; — fiT; = 0,i, j =0,...,n. Let 
p = (y,t) € By(X) where y € Y,t = (to,...,tn) E€ P”(K). We want to verify that it 
is a nonsingular point of By(X). Without loss of generality we may assume that the 
point p lies in the open subset W = By(X)o where to # 0. Since 


Tol fiT; — FT) = Ti(foT5 — £570) — Tj (fos — fiTo) 
we may assume that By(X) is given by the equations 
foTi — fiTo =0,1=0,...,n 


in an affine neighborhood of the point p. Let Gi(T),..., TN) =... =Gn(Nh,..., Tn) 
be the system of equations defining X in AN (K) and let F;(Z,,..., Ty) represent the 
function fi. Then W is given by the following equations in AN (K) x A" (K): 


GAs ss, TN) = 0.9 = Lyssa, 


ZiFo(TM,.--, Tw) — Fi(Th,.--, Tn) =0,7= Ly ieee 5 Me 
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It is easy to compute the Jacobian matrix. We get 











OGL (y, 2) BGs (y, 2) 0 0 

; oe (v2) a or (y, 2) 0 0 
Fi F Fy F 

aF) aru) --. zart(y)-artty) —Foly) 0 0 

age(y)— Sey) ... agelu) - f(y) —-Faly) 0 ... 0 





We see that the submatrix J; of J formed by the first N columns is obtained 
from the Jacobian matrix of Y computed at the point y by applying elementary row 
transformations and when deleting the row corresponding to the polynomial Fo. Since 
Y is nonsingular at y, the rank of Jı is greater or equal than N — dim, Y — 1 = 
N -dim X +n. So rank J >N+n-—dim X =N+n-dim By(X). This implies 
that By(X) is nonsingular at the point (y, z). 














The pre-image E = a !(Y) of Y is called the exceptional divisor of the blowing 
up o : By(X) > X. The map o “blows down” E of By(X) to the closed subset Y 
of X of codimension n + 1. 

Lemma 16.3 allows us to ‘globalize’ the definition of the blow-up. Let X be any 
quasi-projective algebraic set and Y be its closed subset. For every affine open set 
U C X,Y NU is a closed subset of U and the blow-up By N U(U) is defined. It 
can be shown that for any open affine cover {U;}ier of X, the blowing-ups ci : 
Bu,;ny (Ui) > Uj and oj : Bu;ny (Uj) > Uj; can be “glued together” along their 
isomorphic open subsets o7 *(U; N Uj) S az (U; N U;). Using more techniques one 
can show that there exists a quasi-projective algebraic set By (X) and a regular map 
o : By(X) > X such that 0 !(U;) S By,ny (Ui) and, under this isomorphism, the 
restriction of ø to o~!(U;) coincides with oj. 

The next fundamental results about blow-ups are stated without proof. 


Theorem 16.11. Let f : X—— Y bea rational map between two quasi-projective 
algebraic sets. There exists a closed subset Z of X and a regular map f' : Bz(X) > Y 
such that f’ is equal to the composition of the rational map o : Bz(X) > X and f. 


Although it sounds nice, the theorem gives very little. The structure of the blowing- 
up along an arbitrary closed subset is very complicated and hence this theorem gives 
little insight into the structure of any birational map. It is conjectured that every 
birational map between two nonsingular algebraic sets is the composition of blow-ups 
along nonsingular subsets and of their inverses. It is known for surfaces and, under 
some restriction, for threefolds. 
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Definition 16.3. A birational regular map o : X —> X of algebraic sets is said to be 
a resolution of singularities of X if X is nonsingular and ø is an isomorphism over any 
open set of X consisting of nonsingular points. 


The next fundamental result of Heisuki Hironaka brought him the Fields Medal in 
1966: 


Theorem 16.12. Let X be an irreducible algebraic set over an algebraically closed 
field k of characteristic 0. There exists a sequence of monoidal transformations c; : 
Xi > Xi-1,1 = 1,...,, along nonsingular closed subsets of X;_1 contained in the 
set of singular points of Xi—ı, and such that the composition Xn > Xo = X isa 
resolution of singularities. 


A most common method for define a resolution of singularities is to embed a 
variety into a nonsingular one, blow up the latter and see what happens with the 
proper inverse transform of the subvariety (embedded resolution of singularities). 


Definition 16.4. Let o : X — Y bea birational regular map of irreducible algebraic 
sets, Z be a closed subset of X. Assume that ø is an isomorphism over an open subset 
U of X. The proper inverse transform of Z under ø is the closure of a !(U N Z) in 
X. 


Clearly, the restriction of o to the proper inverse transform Z’ of Z is a birational 
regular map and Z’ = o7! (Z N U) U (Z'N o™t(X \ U). 
Example 16.13. Let o : B = Bro; (A°(K)) > A?(K) be the blowing up of the origin 
0 = V (Z1, Z2) in the affine plane. Let 
Y = V(Z22 - Z?(Z +1)). 


The pre-image a !(Y) is the union of the proper inverse transform a !(Y) of Y and 
the fibre o—'(0) S P!(K). Let us find o-1(Y). Recall that B is the union of two 
affine pieces: 





U = V(Z2 — Zıt) C X x P!(K)o,t = Tı /To, 
V =V(Zot' — Z1) C X x PHK), t = To/T. 











The restriction cı of ø to U is the regular map U + A?(K) given by the homomor- 
phism of rings: 


oni : k|Z1, Z2] — O(U) = k |Z, Z2, t|/(Ze — Zıt) = k|Z1, t]. 
The pre-image of Y in U is the set of zeroes of the function 


oi (Z3 — Z7(Z1 + 1)) = Zi’? -Z -1)). 
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Similarly, the restriction o2 of a to V is a regular map V —> A?(K) given by the 
homomorphism of rings: 


05 : k[Z4, Zə] =. O(U) = k|Z1, Zo, t] /(Zot! = Zı) = k|Z2, t]. 
The pre-image of Y in V is the set of zeroes of the function 
o$(Z3 E F E 


Thus 
ao HY) NU = E U Ci, o MY) AV = E U C9, 


where 
E, = V(Z),Ci = V(t? — Z, -1) CUS A*(K), 


Eg = V (Z2), C2 = V(1 — t? (Z +1)) CV S A*(K). 
It is clear that 
E, = 0! (0) NU S A! (K), Ep = 07t (0) A V ZAK), 


i.e.,o71(0) = E; U Ey = P'(K). Thus the proper inverse transform of Y is equal to 
the union C = C{ UC. By differentiating we find that both C; and C% are nonsingular 
curves, hence C is nonsingular. Moreover, 


Ci N ao '(0) = V(Zi,t? pax 1) a {(0, 1), (0, —1)}, 


Ca Nao™t(0) = V (Z2, t? — 1) = {(0, 1), (0, —1)}. 


Note that since t = t! at UNV, we obtain C1 N o™t(0) = Ca N o™t (0). Hence 
a1'(0) NC consists of two points. Moreover, it is easy to see that the curve C 
intersects the exceptional divisor Æ = a '(0) transversally at the two points. So the 
picture is as follows: 


The restriction ø : C — Y is a resolution of singularities of Y. 


Example 16.14. 4 This time we take Y = V(Z? — Z3). We leave to the reader 
to repeat everything we have done in Example 1 to verify that the proper transform 
a—!(Y) is nonsingular and is tangent to the exceptional divisor E at one point. So, 
the picture is like this 
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Figure 16.1: 


Example 16.15. Let Y = V(F(Z%,...,Zn)) C A” (KX), where F is a homogeneous 
polynomial of degree d. We say that Y is a cone over Y = V(F(Z1,..., Zn) in 
P"—!(K). If identify A"(K) with P?(K)o, and Y with the closed subset V(Zo, F) C 
V(Zo) = P”-1(K), we find that Y is the union of the lines joining the point (1,0,...,0) 
with points in Y. Let o : B = Broy(A"(K)) > A"(K) be the blowing up of the 
origin in A”(K). Then 


B=U,U;,U; = BN A"(K) x PHK), 
and 
a (VY) NU; = V(F (A, .-.Zn)) AV AZ; — t3Zi} jes) S V(ZEG (th, ...,tn-1)), 


where t; = T/T, and G is obtained from F via dehomogenization with respect to 
T;. This easily implies that 


a (Y)=a'(Y)Ua 10), a t(Y)no (0) SF. 


Example 16.16. Let X = V (Z? + Z3 + Z3) C A®(K) and let Y, = Bjo} (A?(K)) be 
the blow-up. The full inverse transform of X in Y; is the union of three affine open 
subsets each isomorphic to a closed subset of A?(K): 


Vi : Z(+ U?Z +V*2?)=0, 
Vo: ZŻ(U? + Zo + V*Z2) = 0, 
Vz : Z8(U? + V°Z3 + Z3) = 0. 
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The equations of the proper inverse transform Xj, are obtained by dropping the first 
factors. In each piece V; the equations Z; = 0 define the intersection of the proper 
inverse transform X, of X with the exceptional divisor E1 S P?(K). It is empty set in 
Vi, the affine line U = 0 in Vz and V3. The fibre of the map Xı — X over the origin is 
R, = P'(K). It is easy to see (by differentiation) that Vj and Vz are nonsingular but 
V3 is singular at the point (U, V, Z3) = (0,0,0). Now let us start again. Replace X by 
V3 S V(Z? + Z3Z3 + Z2) C A3(K) and blow-up the origin. Then glue the blow-up 
with V; and Və along V3 (Vi U V2). We obtain that the proper inverse transform X2 
of Xj, is covered by Vi, V2 as above and three more pieces 


WiltUu°vze+v?=0 
V; : U? + ZŻV + V? =0, 
Vs : U? + V°Z3+1=0. 


The fibre over the origin is the union of two curves R2, R3 each isomorphic to P!(K). 
The equation of Rə U Rg in Vs is U? + V? = 0. The equation of Rə U R3 in V3 
is U? +1 = 0. Since R; N V3 was given by the equation Z3 = 0 and we used the 
substitution Z3 = V Z2 in Vs, we see that the pre-image of Rı intersects Rı and Ro 
at their common point (U, V, Z2) = (0,0,0) in V5. This point is the unique singular 
point of X2. Let us blow-up the origin in V5. We obtain X3 which is covered by open 
sets isomorphic to Vi, V2, V4, Ve and three more pieces: 


V7:14+VU°Z,+V? =0, 


Ve : U? Se Ze. 
V : U? +VZ2 +V? =0, 


The pre-image of the origin in the proper inverse transform X3 of Xə consists of 
two curves R4, Rg each isomorphic to P!(K). In the open set Vg they are given 
by the equations V = 0,U = +y—1V. The inverse image of the curve Rj, inter- 
sects R4, Rs at their intersection point. The inverse images of Rə intersects R4 at 
the point (U, V, Z2) = (1,/—1,0), the inverse image of R3 intersects Rs at the 
point (1, —y—1,0). Finally we blow up the origin at V9 and obtain that the proper- 
inverse transform X4 is nonsingular. It is covered by open affine subsets isomorphic 
to Vj,..., Vg and three more open sets 





Vio: 1+UV +V? =0, 


Vu: U? +V +V? =0, 
Viz: U? +V +1=0. 
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The pre-image of the origin in X4 is a curve Re S P!(K). It is given by the ho- 
mogeneous equation T + TıTz + T2 in homogeneous coordinates of the exceptional 
divisor of the blow-up (compare it with Example 16.15). The image of the curve Ri 
intersects Rg at one point. So we get a resolution of singularities o : X = X4 > X 
with o~! equal to the union of six curves each isomorphic to projective line. They 
intersect each other according to the picture: 


Let T be the graph whose vertices correspond to irreducible components of o~'(0) 
and edges to intersection points of components. In this way we obtain the graph 
It is the Dynkin diagram of simple Lie algebra of type Es. 


a 


Figure 16.2: 





Exercises. 

1. Prove that By(r (X) is not affine unless I is (locally ) a principal ideal. 

2. Resolve the singularities of the curve x” + y” = 0,(n,r) = 1, by a sequence 
of blow-ups in the ambient space. How many blow-ups do you need to resolve the 
singularity? 

3. Resolve the singularity of the affine surface X : Z? + Z3 + Z3 = 0 by a sequence 
of blow-ups in the ambient space. Describe the exceptional curve of the resolution 
fF: X >X. 

4. Describe A(T), where A = k[Zj, Zo,], I = (Z1, Z2). Find the closed subset B;(A) 
of A?(K) x P!(K) defined by the kernel of the homomorphism ¢ : A[TZo, Ti] 7 
A(T), To > Z1,T2 > Z2. Is it nonsingular? 

5*, Resolve the singularities of the affine surface X : Z? + Z3 + Z3 = 0 by a sequence 
of blow-ups in the ambient space. Show that one can find a resolution of singularities 
f : X + X such that the graph of irreducible components of f~!(0) is the Dynkin 
diagram of the root system of a simple Lie algebra of type Ex. 

6*. Resolve the singularities of the affine surface X : Z1Z3 + Z? + Z2 = 0 bya 
sequence of blow-ups in the ambient space. Show that one can find a resolution of 
singularities f : X —+ X such that the graph of irreducible components of f~1(0) is 
the Dynkin diagram of the root system of a simple Lie algebra of type E7. 

7*. Resolve the singularities of the affine surface X : Zı(Z2 + Z¥) + Z$ = 0 bya 
sequence of blow-ups in the ambient space. Show that one can find a resolution of 
singularities f : X — X such that the graph of irreducible components of f~!(0) is 
the Dynkin diagram of the root system of a simple Lie algebra of type Dn. 
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8*. Resolve the singularities of the affine surface X : 7) Z3 + Zata = 0 by a sequence 
of blow-ups in the ambient space. Show that one can find a resolution of singularities 
f : X > X such that the graph of irreducible components of f~'(0) is the Dynkin 
diagram of the root system of a simple Lie algebra of type An. 

9*. Let f : P?(K)— — P?(K) be the rational map given by the formula Tọ —> 
T,T>,T, > TTI, T> — ToT. Show that there exist two birational regular maps 
01,02 : X > P?(K) with f oo, = a2 such that the restriction of each o; over 
P?(K)j;,7 = 0, 1,2 is isomorphic to the blow-up along one point. 
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Lecture 17 


Riemann-Roch Theorem 


Let k be an arbitrary field and K be its algebraic closure. Let X be a projective variety 
over k such that X (fC) is a connected nonsingular curve. 

A divisor on X is an element of the free abelian group Z* generated by the set 
X(K) (i.e. a set of maps X(K) > Z with finite support). We can view a divisor as 


a formal sum 
D = y n(x)z, 
zeX(K) 


where x € X, n(x) € Z and n(x) = 0 for all x except finitely many. The group law 
is of course defined coefficient-wisely. We denote the group of divisors by Div( X). 

A divisor D is called effective if all its coefficients are non-negative. Let Div(X)* 
be the semi-group of effective divisors. It defines a partial order on the group Div(X): 


D > D 4> D- D'>0. 
Any divisor D can be written in a unique way as the difference of effective divisors 
D = D, — D. 
We define the degree of a divisor D = X` n(x)x by 


deg(D)= X` n(a)[k(a) : k]. 


LEX (K) 


Recall that k(x) is the residue field of the local ring Ox. If k = K, then k(x) = k. 

The local ring Ox, is a regular local ring of dimension 1. Its maximal ideal is 
generated by one element t. We call it a local parameter. For any nonzero a € Oxx, 
let v,(a) be the smallest r such that a E€ m% z- 
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Lemma 17.1. Let a,b € Oxx \ {0}. The following properties hold: 
(i) V_(ab) = ve(f) + veg); 
(ii) vola +b) > min{v,(a),v2(b)} ifa +b 40. 


Proof. If v,(a) =r, then a = tao, where ao ¢ Mx,. Similarly we can write b = tbo. 
Assume vz(a) < v,(b) Then 


ab = t+ b agbo, a+b = tO (ag + tOO) 














This proves (i),(ii). Note that we have the equality in (ii) when v,(a) A vz(b). 


Let f € R(X) be a nonzero rational function on X. For any open affine neigh- 
borhood U of a point x € X, f can be represented by an element in Q(O(X)). Since 
Q(O(X)) = Q(Ox,x), we can write f as a fraction a/b, where a,b € Ox ,. We set 


Ve(f) = Vela) — ve(b). 


It follows from Lemma 17.1 (i), that this definition does not depend on the way we 
write f as a fraction a/b. 


Lemma 17.2. Let f,g € R(X) \ {0}. The following properties hold: 
(i) vel fg) = Valf) + velg); 
(ii) v2(f +9) 2 min{v2(f),v2(g)} if f +g #0; 
(iii) valf) 20 f € Oxs; 
(iv) va(f) £0 only for finitely many points x € X(K). 


Proof. (i), (ii) follow immediately from Lemma 17.1. Assertion (iii) is immediate. 
Let U be an open Zariski set such that f, f-~' € O(U). Then, for any x € U, 
v,(f) = —vz( ft) > 0 implies that v,(f) = 0. Since X(K) \ U is a finite set, we 














Now we can define the divisor of a rational function f by setting 


div(f)= XO we(f)a. 


xEX (K) 


A divisor of the form div( f) is called a principal divisor 
The following Proposition follows immediately from Lemma 17.2. 
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Proposition 17.3. For any nonzero f,g € R(X), 
div( fg) = div(f) + div(g). 
In particular, the map f ++ div(f) defines a homomorphism of groups 
div: R(X)* > Div(X). 


If D = div( f), we write D} = div( f)o, D- = div(f)oo. We call div(f)o the divisor 
of zeroes of f and div(f)o. the divisor of poles of f. We say that v,(f) is the order 
of pole (or zero) if x € div(f) oo (or div(f)o). 

We define the divisor class group of X by 


CI(X) = Div(X)/div(R(X)*). 


Two divisors in the same coset are called linearly equivalent. We write this D ~ D’. 
For any divisor D = ` n(x)x let 


L(D) ={f € R(X) : div(f)+ D> 0} ={f € R(X) : %(f) > —n(x), Va € X(K)}. 


By definition, L(D) contains the zero function f (thinking that v,(f) = oo for all 
x € X). It follows from Lemma 17.2 that L(D) is a vector space over k. The 
Riemann-Roch formula is a formula for the dimension of the vector space L(D). 


Proposition 17.4. (i) L(D) is a finite-dimensional vector space over k; 
(ii) L(D) S L(D + div(f)) for any f € R(X); 
(iii) L(0) = k. 
Proof. (i) Let D = D} — D_. Then D4 = D+ D_ and for any f € L(D), we have 
div(f) + D > 0 > di(f)+ D + D- = div( f) + D+ > 0. 


This shows that f € L(D4). Thus it suffices to show that L(D) is finite-dimensional 
for an effective divisor D. Let t be a local parameter at x € X(K), since vs(f)+n(x) > 
0, va(t”® f) > 0 and hence vz (t”®) f) € Oxa. Consider the inclusion Ox C K[[T]] 
given by the Taylor expansion. Then we can write 


f= TRS aiT’), 
i=0 


where the equality is taken in the field of fractions K((T)) of K[[T]]. We call the 
right-hans side, the Laurent series of f at x. Consider the linear map 


L(D) > Szex) T ”® K[[T]]/K[[T]] = Szex K”™, 
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which assigns to f the collection of cosets of the Laurent series of f modulo k[[T]]. 
The kernel of this homomorphism consists of functions f such that vz( f) > 0 for all 
x € X(K), i.e., regular function on X. Since X(K) is a connected projective set, any 
regular function on X is a constant. This shows that L(D) ® , K is a finite-dimensional 
vector space over K. This easily implies that L(D) is a finite-dimensional vector space 
over k. 

(ii) Let g € L(D+div(f)), then 


div(g) + div(f) + D =div(fg) + D > 0. 


This shows that the injective homomorphism of the additive groups R(D) > R(D), g > 

fg, restricting to the space L(D + div(f)) defines an an injective linear map L(D + 

div(f)) & L(D). The inverse map is defined by the multiplication by f—!. 
(iii) Clearly L(0) = O(X) =k. 














It follows from the previous Proposition that dim; L(D) depends only on the 
divisor class of D. Thus the function dim : Div(X) > Z, D +> dim, L(D) factors 
through a function on CI(X) which we will continue to denote by dim. 


Theorem 17.5. (Riemann-Roch). There exists a unique divisor class Kx on X such 
that for any divisor class D 


dim, L(D) = deg(D) + dim, L(Kx — D)+1-g, 
where g = dim, L( Kx) (called the genus of X), 


Before we start proving this theorem, let us deduce some immediate corollaries. 
Taking D from Kx, we obtain 


deg(D) = 2g — 2. 


Taking D = div(f), we get L(D) = L(0) and L(Kx — D) = L(Kx). Hence 
dim, L(D) = 1 and dim; L( Kx — D) = g. This gives 


deg(div(f)) = 0. 


This implies that the degrees of linearly equivalent divisors are equal. In particular, we 
can define the degree of a divisor class. 

Also observe that, for any divisor D of negative degree we have L(D) = {0}. In 
fact, if div( f) + D > 0 for some f € R(X)*, then deg(div(f) + D) = deg(D) > 0. 
Thus if take a divisor D of degree > 2g — 2, we obtain dim L(x, — D) = 0. Thus 
the Riemann-Roch Theorem implies the following 
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Corollary 17.6. . Assume deg(D) > 2g — 2, then 
dim L(D) = deg(D) +1 — g. 


Example 17.7. Assume X = Pi. Let U = P!(K)o = Al(K) = K. Take D = 
r1+...+%n, where x; € k. Then L(D) consists of rational functions f = P(Z)/Q(Z), 
where P(Z), Q(Z) are polynomials with coefficients in k and Q(T) has zeroes among 
the points x;'s. This easily implies that L(D) consists of functions 


P(T,T,)/(T1 — aoTo) «+: (Ti — xiTo), 


where degP(To, Tı) = n. The dimension of L(D) is equal to n + 1. Taking n 
sufficiently large, and applying the Corollary, we find that g = 0. 


The fact that deg(div(f)) = 0 is used for the proof of the Riemann-Roch formula. 
We begin with proving this result which we will need for the proof. Another proof of 
the formula, using the sheaf theory, does not depend on this result. 


Lemma 17.8. (Approximation lemma). Let z1,..., £n E€ X,¢1,.--,¢n E€ R(X), and 
N be a positive integer. There exists a rational function f € R(X) such that 


Vlf =O) > N, Gales 


Proof. We may assume that X is a closed subset of P”. Choose a hyperplane H which 
does not contain any of the points z;. Then P” \ H is affine, and U = X N (P” \ A) 
is a closed subset of P” \ H. Thus U is an affine open subset of X containing the 
points x;. This allows us to assume that X is affine. Note that we can find a function 
gi which vanishes at a point x; and has poles at the other points zj, j # i. One 
get such a function as the ratio of a function vanishing at x; but not at any x; and 
the function which vanishes at all x; but not at 2;. Let fi = 1/(1 + g/"). Then 
fi— 1 = —g:” /(1 + gi") has zeroes at the points x; and has zero at 2;. By taking m 
large enough, we may assume that v,,(f; — 1), vx; (fi — 1) are sufficiently large. Now 
let 


f= figit + fnén- 


It satisfies the assertion of the lemma. Indeed, we have 


Veil f — Qi) = Va, (fidr +... + fi-1¢i-1 + (fi — 1) bi + fi+1Qi+i +... + fron): 


This can be made arbitrary large. 














Corollary 17.9. Let 71,...,@%, E€ X and mı,..., Mn be integers. There exists a 
rational function f € R(X) such that 


tlt = mis TS cont 
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Proof. Let t1,...,tn be local parameters at z1,..., £n, respectively. This means that 
Vy, (ti) = 1,i=1,...,n. Take N larger than each m;. By the previous lemma, there 
exists f € R(X) such that vz,(f — t7") > mii =1,...,n. Thus, by Lemma 17.2, 


Ue At) = min{ eh) tel E pS i=1,...,n. 














Let f : X — Y bea regular map of projective algebraic curves and let y € Y,x € 
f(y). Let t be a local parameter at y. We set 


It is easy to see that this definition does not depend on the choice of a local parameter. 
The number e,(f) is called the index of ramification of f at x. 


Lemma 17.10. For any rational function ¢ € R(Y) we have 
Valo” ($)) = exry(¢). 


Proof. This follows immediately from the definition of the ramification index and 
Lemma 2. 














Corollary 17.11. Let f~'(y) = {21,...,2,} and e; = ez, Then 
doe < (R(X): (RY) 
i=1 


Proof. Applying Corollary 17.9, we can find some rational functions pP, oÊ, 
i= 1,...,r such that 


v (6) =s, v ($Ë) >>0, J #4, 8s=1,...,6i 


Let us show that -` ;_—4 e; functions obtained in this way are linearly independent over 
f*(R(Y)). Assume 


r Ci 


YY aut =0 


i=1 s=1 


for some ais € f*(R(Y)) which we will identify with functions on Y. Without loss of 
generality we may assume that 


(dig) = min{ Hy (dia) : ais £ 0}. 
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Dividing by by ais, we get )>,, iso? = 0, where 
Cis = 1, Vy (Cis) = 0, 


We have 


e1 


SaaS S a, 
s=1 


i=2 s=1 
By Lemma 17.10, 


Voy (c1s6\”) = Vy, (cis) aa Vri (9P) = s mod €1. 


This easily implies that no subset of summands in the left-hand side L.H.S. add up to 
zero. Therefore, 
vr, (L.H.S) = min{vz, (c1s6} < e1. 


On the other hand, vs, (R.H.S.) can be made arbitrary large. This contradiction 
proves the assertion. 














Let A be the direct product of the fraction fields R(X), of the local rings Oxx, 
where x € X. By using the Taylor expansion we can embed each R(X), in the 
fraction field K((T)) of K[[T]]. Thus we may view A as the subring of the ring of 
functions 

K((T))* = Maps(X, K((T)). 


The elements of A will be denoted by (€). We consider the subring A x of A formed 
by (&;) such that € € Ox, except for finitely many x’s. Such elements are called 
adeles. For each divisor D = X` n(ax)a, we define the vector space over the field k: 


A(D) = {Exe € A : Ve(Sx) Z —n(x)}. 


Clearly, 
A(D)N R(X) = L(D), A(D) c Ax. 


For each œ € R(X), let us consider the adele 
~= (dr) as 


where @, is the element of R(X), represented by ¢. Recall that the field of fractions 
of Ox, is equal to the field R(X). Such adeles are called principal adeles. We will 
identify the subring of principal adeles with R(X). 


Lemma 17.12. Assume D’ > D. Then 
(i) A(D) c A(D'); 
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(ii) dim(A(D’)/A(D)) = deg(D") — deg(D); 

(iii) 
dim L(D’)—dim, L(D) = deg(D’)—deg(D)—dim,(A(D’')+R(X)/(A(D)+R(X)), 
where the sums are taken in the ring of adeles. 


Proof. (i) Obvious 
(ii) Let D = Yo n(x)x, D! = Yon(a)'a. If € = (s) E€ L(D’), the Laurent 
expansion of €, looks like 


bg = qn) (ao +aT +.. oe 
This shows that 


ADMD) = QT" KITTO KIT) & QO), 
rex xEeX 


which proves (ii). 
(iii) Use the following isomorphisms of vector spaces 


A(D') + R(X)/A(D') N R(X) S A(D') @ R(X), 

A(D) + R(X)/A(D)N R(X) = A(D) @ R(X), 

A(D’) $ R(X)/A(D) $ R(X) S A(D’)/A(D). 
Then the canonical surjection 

A(D’) + R(X) > A(D') @ A(D') $ R(X) 
induces a surjection 
(A(D') + R(X))/(A(D) + R(X)) > (A(D') © R(X))/(A(D) @ R(X)) 
with kernel A(D’) N R(X)/A(D) N R(X) & L(D')/L(D). This implies that 
deg(D’) — deg(D) = dim, A(D’)/A(D) 


= dim, (A(D’) + R(X))/(A(D) + R(X)) + dim; L(D’)/L(D). 














Proposition 17.13. /n the notation of Corollary 17.11, 


e+... +e, =[R(X): f*(R(Y))]. 
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Proof. Let f: X > Y,g:Y — Z be two regular maps. Let z € Z and 


oie I = eg 


Denote by e; the ramification index of g at y; and by e;j the ramification index of f 
at xij. By Corollary 17.9, 


Dieses; = e ($ en) +--+ er(D eir) < (Do epIRX) : FRY) 
If we prove the theorem for the maps g and go f, we get 


[R(X) : R(Z)] = $ eiei; < [R(Y) : R(Z)JI[R(X) : R(Y)] = [R(X) : R(Z)] 














which proves the assertion. 


Let ¢ € R(Y) considered as a rational (and hence regular) map g : Y — P! of 
nonsingular projective curves. The composed map go f : X — Pt is defined by the 
rational function f*(¢) € R(X). By the previous argument, it is enough to prove the 
proposition in the case when f is a regular map from X to P! defined by a rational 
function œ. If t = Tı /To € R(P'), then ¢ = f*(t). Without loss of generality we may 
assume that y = œ = (0,1) € Pt. Let f-!(y) = {21,...,2,}. It is clear that 


Voi (Q) = Va; (f* (t)) = -va (f). 


Since t is a local parameter at y, the divisor D = div(¢).. of poles of f is equal to 
the sum Ð` e;z;. Let (¢1,...,¢n) be a basis of R(X) over R(P!). Each ¢; satisfies 
an equation 

ao(¢)X% +a ($) XT +... +aa(¢) = 0, 


where a;(Z) some rational function in a variable Z. After reducing to common de- 
nominator and multiplying the equation by the (d — 1)th power of the first coefficient, 
we may assume that the equation is monic, and hence each œ; is integral over the ring 
K{t], but 1+ a1(¢)¢;) +... + aa(¢)¢; t = 0 shows that this is impossible. Thus we 
see that every pole of ¢; belongs to the set f—!(oo) of poles of . Choose an integer 
mo such that 

div(¢;) + moD > 0, t= lgh 


Let m be sufficiently large integer. For each integer s satisfying 0 < s < m — mo, we 
have ġġ; E€ L(mD). Since the set of functions 


pi, t=1,...,n, s=0,..., Mm — Mmo 


is linearly independent over k, we obtain dim, L(mD) > (m — mp + 1)n. Now we 
apply Lemma 17.12 (iii), taking D' = mD, D = 0. Let 


Nm = dim,(A(mD) + R(X)/A(0) + R(X)). 
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Then 
mdeg(D) = m(>_ ei) = Nm + dim L(mD) — 1 > Nm + (m — mo + 1)n — 1. 


Dividing by m and letting m go to infinity, we obtain X` e; > n = [R(X) : R(Y)]. 
Together with Corollary 17.9, this proves the assertion. 


Corollary 17.14. For any rational function ¢ € R(X), 
deg(div(f)) = 0. 


Proof. Let f : X — P! be the regular map defined by ¢. Then, as we saw in the 
previous proof, deg(div(f)..) = [R(X) : k(¢)]. Similarly, we have deg(div(@~!)..) = 
[R(X) : k(@)]. Since div(d) = div(f)o — div(f)oo, we are done. 


Corollary 17.15. Assume deg(D) < 0. Then L(D) = {0}. 














Set 
r(D) = deg(D) — dim L(D). 
By Corollary 17.6, this number depends only on the linear equivalence class of D. Note 
that, assuming the Riemann-Roch Theorem, we have r(D) = g—1—dim L(K —D) < 
g — 1. This shows that the function D ++ r(D) is bounded on the set of divisors. Let 
us prove it. 


Lemma 17.16. . The function D > r(D) is bounded on the set Div(X). 


Proof. As we have already observed, it suffices to prove the boundness of this function 
on Cl(X). By Proposition 17.13 (iii), for any two divisors D’, D with D’ > D, 


r(D') — r(D) = dim(A(D’) + R(X))/(A(D) + R(X)) > 0. 


Take a non-zero rational function œ € R(X). Let D = div(¢)o,n = degD. As we 
saw in the proof of Proposition 17.13, 


mn > r(mD) — r(0) + m(m — mo — n) — 1 = r(mD) + mn — mon. 


This implies r(mD) < mon — n, hence r(mD) is bounded as a function of n. Let 
D! = YẸ n(a;)2; be a divisor, y; = f(x) € Pt, where f : X — Pt is the regular map 
defined by ¢. Let P(t) be a polynomial vanishing at the points y; which belong to 
the affine part (P1)o. Replacing P(t) by some power, if needed, we have f*(P(t)) = 
P(¢) € R(X) and div(P(¢)) + mD > D' for sufficiently large m. This implies that 





r(D’) < r(mD + div(P(¢))) = r(mD)). 











This proves the assertion. 
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Corollary 17.17. For any divisor D 
dim A/(A(D) + R(X)) < oo. 
Proof. We know that 
r(D’) — r(D) = dim(A(D’) + R(X)/A(D) + R(X)) 


is bounded on the set of pairs (D, D’) with D’ > D. Since every adele € belongs to 
some space A(D), the falsity of our assertion implies that we can make the spaces 
(A(D’)+R(X)/A(D)+R(X)) of arbitrary dimension. This contradicts the boundness 
of r(D’) — r(D). 














Let 
H(D) = A/(A(D) + R(X)). 


We have r(D’) — r(D) = dim, H(D) — dim; H(D’) if D' > D. In particular, setting 
g = dim, H(0), 
we obtain 
r(D) =g- 1- dim, H(D), 

or, equivalently 

dim, L(D) = deg(D) + dim, H(D) —g +1. (17.1) 
To prove the Riemann-Roch Theorem, it suffices to show that 

dim, H(D) = dim; L(K — D). 


To do this we need the notion of a differential of the field X. 

A differential w of R(X) is a linear function on A which vanish on some subspace 
A(D) + R(X). A differential can be viewed as an element of the dual space H(D)* 
for some divisor D. 

Note that the set Q(X) of differentials is a vector space over the field R(X). 
Indeed, for any ọ € R(X) and w € Q(X), we can define 


pw(E) = w(98). 


This makes Q(X) a vector space over R(X). If w € H(D)*, then gw € H(D — 
div(¢))*. 
Let us prove that 
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Lemma 17.18. Let w € Q(X). There exists a maximal divisor D (with respect to 
the natural order on Div(.X)) such that w € H(D)*. 


Proof. lf w € H(D,)* U H(D2)*, then w € H(D3)*, where D3 = sup(D1, D2). This 
shows that it suffices to verify that the degrees of D such that w € H(D)* is bounded. 
Let D’ be any divisor, 6 € L(D’). Since D +div(¢) > D — D’, we have 

A(D — D') C A(D + div(¢)). 


Let 1,..-,¢n be linearly independent elements from L(D’). Since w vanishes on 
A(D), the functions ¢jw, ...,¢nw vanish on A(D — D’) c A(D + div(¢;)) and 
linearly independent over K. Thus 


dim, H(D — D') > dim; L(D’). 
Applying equality (1) from above, we find 
dim; L(D — D’) = deg(D) + deg(D’) — 1+ g > dim, L(D’) > 
deg(D’) + 1 — g + dim H(D’). 
Taking D’ with deg(D’) > deg(D) to get L(D — D’) = {0}, we obtain 


deg(D) < 2g — 2. 














Proposition 17.19. 


Proof. Let w,w’ be two linearly independent differentials. For any linearly independent 
(over K) sets of functions {a1,..., an}, {b1,..., bn} in R(X), the differentials 


GiW, ..+, nw, biw',..., baw’ (17.2) 


are linearly independent over K. Let D be such that w,w’ € Q(D). It is easy to see 
that such D always exists. For any divisor D’, we have 


A(D — D’) C A(D + div(¢)), Yọ € L(D’). 


Thus the 2n differentials from equation (2), where (a1,...,@,) and (b1,...,b,) are 
two bases of L(D’), vanish on A(D — D’). Therefore, 


dim, H(D — D’) > 2dim, L(D’). 
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Again, as in the proof of the previous lemma, we find 
dim; L(D — D’) > 2deg(D’) + 2 — 2g. 
taking D’ with deg(D’) > deg(D) + 2 — 2g, we obtain 


0 > 2deg(D’) +2 — 2g > 0. 














This contradiction proves the assertion. 


For any w € Q(X) we define the divisor of w as the maximal divisor D such that 
w € H(D)*. We denote it by div(w). 


Corollary 17.20. Let w,w! € Q(X). Then div(w) is linearly equivalent to div(w’). 


Proof. We know that w € H(D) implies gw € H(D + div(¢)). Thus the divisor 
of dw is equal to div(w) + div(d). But each w’ € Q(X) is equal to gw for some 
pe R(X). 


The linear equivalence class of the divisor of any differential is denoted by Ky. It 
is called the canonical class of X. Any divisor from Kx is called a canonical divisor 
on X. 














Theorem 17.21. (Riemann-Roch). Let D be any divisor on X, and K any canonical 
divisor. Then 


dim, L(D) = deg(D) + dim, L(K — D) +1 — g9, 
where g = dim, L(K). 
Proof. Using formula (2), it suffices to show that 
dim, H(D) = dim, L(K — D), 


or, equivalently, dim, H(K — D) = dim, L(D). We will construct a natural isomor- 
phism of vector spaces 
c: L(D) > H(K - DÝ. 


Let ¢ € L(D), K = div(w). Then 
div(dw) = div(w) + div(¢) > K — D. 


Thus dw vanishes on A(K — D), and therefore gw € H(K — D)*. This defines a 
linear map c: L(D) > H(Kp)*. Let a € H(K — D)* and K' = div(a). Since K’ 
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is the maximal divisor D’ such that a vanishes on A(D’), we have K’ > K — D. By 
Proposition 17.19, a = dw for some ¢ € R(X). Hence 

K' — K = div(a) — div(w) = div(¢) > —D. 
showing that œ € L(D). This defines a linear map 


H(K — D)* > L(D), a > ¢. 














Obviously, this map is the inverse of the map c. 


The number g = dim, L(K) is called the genus of X. It is easy to see by going 
through the definitions that two isomorphic curves have the same genus. 

Now we will give some nice applications of the Riemann-Roch Theorem. We have 
already deduced some corollaries from the RRT. We repeat them. 


Corollary 17.22. 
deg(Kx) = 2g — 2, 
dim, L(D) = deg(D) +1- g, 
if deg(D) > 2g — 2 and D ¢ Kx. 
Theorem 17.23. Assume g = 0 and X (k) £0 (e.g. k= K). Then X =P". 
Proof. By Riemann-Roch, for any divisor D > 0, 
dim, L(D) = deg(D) + 1. 


Take D = 1. x for some point x € X(k). Then deg(D) = 1 and dim L(D) = 2. 
Thus there exists a non-constant function œ € R(X) such that div(¢) + D > 0. Since 
ġ cannot be regular everywhere, this means that @ has a pole of order 1 at x and 
regular in X \ {z}. Consider the regular map f : X — P! defined by ¢. The fibre 
f~'(co) consists of one point x and v,(¢) = —1. Applying Proposition 17.13, we find 
that [R(X) : R(P')] = 1, i.e. X is birationally (and hence biregularly) isomorphic to 
Pt. 














Theorem 17.24. Let X = V(F) C P? be a nonsingular plane curve of degree d. 
Then 
g = (d- 1)(d- 2)/2. 


Proof. Let H be a general line intersecting X at d points z1,...,£q. By changing 
coordinates, we may assume that this line is the line at infinity V (Tọ). Let D = Da 
It is clear that every rational function ¢ from the space L(nD),n > 0, is regular on 
the affine part U = X N (P? \ V(To)). A regular function on U is a n element of 
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the ring k[Z1, Z2|/(f(Z1, Z2)), where f(Z1, Z2) = 0 is the affine equation of X. We 
may represent it by a polynomial P(Z1, Z2). Now it is easy to compute the dimension 
of the space of polynomials P(X 1, X2) modulo (f) which belong to the linear space 
L(nD). We can write 


n 
P(Z1, Z2) = X` Gi(Z, Z2), 
i=1 
where G';(Z1, Z2) is a homogeneous polynomial of degree i. The dimension of the 
space of such P's is equal to (n + 2)(n + 1)/2. The dimension of P's which belong 
to (f) is equal to the dimension of the space of polynomials of degree d — n which is 
equal to (n — d + 2)(n — d + 1)/2. Thus we get 











1 1 
dim L(nD) = =(n+2)(n+1)/2 5 (n d+2)(n—d+1) = 5(d 1)(d—2)+1-+7nd. 
When n > 2g — 2, the RRT gives 


dim, L(nD) = nd+1- 4g. 











comparing the two answers for dim L(D) we obtain the formula for g. 





Theorem 17.25. Assume that g = 1 and X(k) #0. Then X is isomorphic to a plane 
curve of degree 3. 


Proof. Note that by the previous theorem, the genus of a plane cubic is equal to 1. 
Assume g = 1. Then deg(Kx) = 2g —2 = 0. Since L(x — D) = {0} for any divisor 
D> 0, the RRT gives 

dim L(D) = deg(D). 


Take D = 2. x for some point x € X(k). Then dim L(D) = deg(D) = 2, hence 
there exists a non-constant function 1 such that vz(¢1) > —2,¢1 € O(X \ {z}). If 
V,(¢1) = —1, then the argument from Theorem 17.5, shows that X = Pt and hence 
g = 0. Thus vz(ġ1) = —2. Now take D = 3 - x. We have dim L(D) = 3. Obviously, 
L(2- x) C L(3a). Hence there exists a function ¢2 ¢ L(D) such that v,(¢2) = —3, 
d2 € O(X \ {x}). Next we take D = 6 - x. We have dim L(D) = 6. Obviously, we 
have the following functions in L(D): 


1,41, P 62, b2, $3, bide. 


The number of them is 7, hence they must be linearly dependent in L(6 - x). Let 





ao + aigi + arb} + a307 + ards + 4563 + aghida. 


with not all coefficients a; € k equal to zero. | claim that a5 Æ 0. Indeed, assume that 
as = 0. Since $? and ¢3 are the only functions among the seven ones which has pole 
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of order 6 at x, the coefficient a3 must be also zero. Then ¢1¢2 is the only function 
with pole of order 5 at x. This implies that ag = 0. Now 4? is the only function with 
pole of order 4, so we must have az = 0. If a4 #0, then 2 is a linear combination of 
1 and $1, and hence belongs to L(2- x). This contradicts the choice ¢2. So, we get 
ao + a,¢1 = 0. This implies that ag = a, = 0. 

Consider the map f : X — P! given by the function #1. Since @ satisfies an 
equation of degree 2 with coefficients from the field f*(R(P')), we see that [R(X) : 
R(P!)] = 2. Thus, adding ¢2 to f*(R(P!)) we get R(X). Let 


®: X\ {x} > A? 


be the regular map defined by ©*(Z,) = ¢1, ®*(Z2) = 2. Its image is the affine 
curve defined by the equation 


ao + a1 Zy + a2Z7 + a3Z} + a4Z2 + a5Z3 + a6 Z1Z2 = 0. 


Since k(X) = k(®*(Z1), ®*(Z2)) we see that X is birationally isomorphic to the 
affine curve V (F). Note that a3 Æ 0, since otherwise, after homogenizing, we get a 
conic which is isomorphic to Pt. So, homogenizing F we get a plane cubic curve with 
equation 


F (To, Ti Tə) = agTs +a TéT, + agToT? +a3T? + a4T eT: +a5ToT? + agToT Tə = 0. 

(17.3) 
It must be nonsingular, since a singular cubic is obviously rational (consider the pencil of 
lines through the singular point to get a rational parameterization). Since a birational 
isomorphism of nonsingular projective curves extends to an isomorphism we get the 
assertion. 














Note that we can simplify the equation of the plane cubic as follows. First we 
may assume that ag = a3 = 1. Suppose that char(k) # 2. Replacing Z with 
Z} = Zo+ $(agZ1 +a4Zo), we may assume that a4 = as = 0. If char(k) 4 2,3, then 
replacing Zı with Z, + $4220, we may assume that a2 = 0. Thus, the equation is 
reduced to the form 


F(To, Ti, T2) = ToT} + TÈ + ToT, + aoT?, 
or, after dehomogenizing, 
Ze + Z? + aZ +ao = 0. 


It is called the Weierstrass equation. Since the curve is nonsingular, the cubic poly- 
nomial Z? + a1Zı + aq does not have multiple roots. This occurs if and only if its 
discriminant 

A = 4a? 20704 +0: (17.4) 
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Problems 

1. Show that a regular map of nonsingular projective curves is always finite. 

2. Prove that for any nonsingular projective curve X of genus g there exists a regular 
map f : X — P! of degree (= [R(X) : f*(R(P!))]) equal to g = 1. 

3. Show that any nonsingular projective curve X of genus 0 with X(k) = f is 
isomorphic to a nonsingular conic on PÊ [Hint: Use that dim L(—Kx) > 0 to find a 
point x with deg(1- a) = 2]. 

4. Let X be a nonsingular plane cubic with X(k) 4 Ø. Fix a point xo € X(k). 
For any x,y € X let x ® y be the unique simple pole of a non-constant function 
@€ L(x +y — zo). show that x @ y defines a group law on X. Let xo = (0,0,1), 
where we assume that X is given by equation (3). Show that zo is the inflection point 
of X and the group law coincides with the group law on X considered in Lecture 6. 
5. Prove that two elliptic curves given by Weierstrass equations Z3+2Z3+a1Z1+a9 = 0 
and Z2 + Z2 + bi Z + bo = 0 are isomorphic if and only if a?/a? = bÌ /b2. 

6. Let X be a nonsingular curve in P! x P! given by a bihomogeneous equation of 
degree (d1, d2). Prove that its genus is equal to 


g = (di — 1)(d2 — 1). 


7. Let D = $`; niz; be a positive divisor on a nonsingular projective curve X. For 
any x € X \ {x ,...,2,} denote, let ly E€ L(D)* be defined by evaluating ¢ € L(D) 
at the point x. Show that this defines a rational map from X to P(L(D)*). Let 
op : X — P(L(D)*) be its unique extension to a regular map of projective varieties. 
Assume X = P! and deg(D) = d. Show that ¢p(P*) is isomorphic to the Veronese 
curve vq(P!) c P4. 
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